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ABSTRACT
Remediation of Spatial Skills in First Semester Calculus Using Haptics-Based Applications
Kristen L. Murphy
Spatial reasoning is required for many topics in undergraduate mathematics as well as other
STEM fields. In calculus specifically, there are few interventions that assess students’ spatial
skills and provide remediation. Haptic technology is a novel approach to spatial skills
remediation due to its unfamiliarity to students and its flexibility with regard to models. The
purpose of this dissertation is two-fold: first, to determine what level of spatial abilities students
possess upon entering an undergraduate calculus course, and second, to determine whether haptic
feedback will enhance an intervention for improving spatial skills.
The dissertation research was a mixed-methods study using the combination of a
quantitative spatial reasoning test, semi-structured interviews, and student activities. The design
of the study was pre-test – post-test matched subject, using the quantitative spatial reasoning test
– the Santa Barbara Solids Test (SBST) – and other demographic information to match students
of similar spatial reasoning abilities and backgrounds for the qualitative part of the study. In all,
306 students completed both the SBST pre-test and post-test. Ten of these students were selected
as matched pairs, of which nine completed the pre-interview, intervention activities, and postinterview, leaving eight students in four matched pairs for the qualitative analyses.
Analysis of the pre-test and post-test scores showed that the students who completed the
intervention activities performed significantly better on the SBST post-test than on the pre-test.
Furthermore, these students improved their scores more than the students who did not complete
the intervention activities, and the difference between these groups was significant. While some
differences were noted between the students who completed the intervention activities with
haptic feedback and those who completed them without, there were not significant differences in
performance on the post-test, nor the improvement from the pre-test to the post-test.
The pre-interviews and post-interviews were coded using the spatial skills framework
created by Engelke et al. (2016). Examination of the codes applied to each set of interviews
showed a similar ratio of codes in each set. Both interviews contained an overwhelming majority
of visualization language over orientation language. The most prominent subcategory displayed
was representing objects, followed by structuring, mathematical properties, and finally
measurement. The students who completed the intervention activities with haptic feedback and
those who completed them without showed similar changes in their spatial language between the
pre-interview and post-interview. Analysis of the scores of the interview questions did not show
a significant difference between the pre-interviews and post-interviews, nor did it show a
significant difference between the students who completed the intervention activities with haptic
feedback and those who completed them without.
These findings indicate that students entering calculus have strong visualization and
representing objects spatial skills, but lack orientation and structuring spatial skills. They also
show that putting students through a short remediation, even without feedback on their
performance, can improve spatial skills. Although significant differences could not be found
between the students who received haptic feedback in the intervention activities and those who
did not, this could be due to the small number of matched pairs, and does not rule out the
potential for haptic feedback use in spatial reasoning training.
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Spatial reasoning is required for many topics in undergraduate mathematics. Some of
these topics are fairly obvious, such as those related to geometry, while others are not. As an
example, calculus topics such as solids of revolution and curve sketching require students to use
some spatial skills to make informed decisions and produce accurate figures. It has been shown
that spatial abilities and mathematical abilities are related (Uttal & Cohen, 2012; Xie et al., 2020;
Young et al., 2018), so one may infer that measuring a student’s spatial abilities may provide
insight into the potential for success in mathematics, and improving upon spatial abilities may
lead to increased success in mathematics.
Unlike topics such as algebra and trigonometry, there are few interventions that assess
students’ spatial skills and provide remediation. This means many students struggle to perform
tasks that require a certain level of spatial skills, which leads to a lack of understanding. For
example, students with under-developed spatial abilities may struggle to understand how to
rotate a two-dimensional graph in order to form a three-dimensional solid. This is a fundamental
skill necessary for computing volumes of solids of revolution. If a student cannot properly rotate
the two-dimensional graph, he or she will struggle to understand how the volume of the threedimensional object is calculated.
Spatial skills are not only necessary for mathematics, however. Understanding molecular
structure in chemistry, for instance, requires spatial skills (Carlisle et al., 2015). The same can be
said for understanding motion in physics. Because of this, some focus should be placed on
understanding what level of spatial skills students entering undergraduate programs possess and
how we can help undergraduate students improve their spatial skills.
Haptic technology is something that is new to most students. Because of this, it is a novel
approach to improving spatial skills. Students are more likely to remain engaged due to their
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unfamiliarity with the technology, which will help with better retention of the learned skills.
Haptic environments also provide a level of flexibility; instead of being restricted to a few
physical models of simple three-dimensional shapes because they are the only ones that are
available, the possibilities become nearly endless (as long as the shape can be built in the
computer-based environment). This allows for much practice with various objects, which should
allow for more improvement in spatial skills.
The purpose of this dissertation is two-fold: first, to determine what level of spatial
abilities students possess upon entering an undergraduate calculus course, and second, to
determine whether haptic feedback will enhance an intervention for improving spatial skills.
Determining students’ entry-level abilities will help instructors understand what challenges their
students will face regarding problems that require spatial skills. Determining whether haptic
feedback is a valid tool for improving spatial skills will inform on whether a haptic-based
remediation is something that could be utilized to help undergraduate students improve their
spatial skills in a stand-alone environment (outside the mathematics classroom).

3
Definitions and Literature Review
Two key components make up the background for this research: spatial skills (or
abilities) and haptics. Presented for each component are the definitions of key terms and an
examination of related literature.
Spatial Skills
Skill is “the ability to do something that comes from training, experience, or practice”
(Merriam-Webster, n.d.) and ability is “the power or skill to do something” (Merriam-Webster,
n.d.). By these definitions, skills and abilities are synonymous. This is also evidenced in the
literature, as many authors interchange the two terms spatial skill and special ability. In general,
spatial skills (or spatial abilities) are skills involving objects in space. However, this definition
does not provide a complete picture. To better explain, we will examine the different definitions
in the literature.
Definitions
According to the National Research Council (2012), spatial ability is “the ability to
mentally manipulate two-and three-dimensional objects” (p. 98) and can be small- or large-scale.
Small-scale abilities deal with the manipulation of objects, while large-scale abilities involve
routes and environmental layouts. Albert and Golledge (1999) add that spatial abilities “involve
the retention, manipulation, and recognition of spatial stimuli” (p. 10). Although many authors
seem to agree with this overall definition (Kersh et al., 2008; Kurtulus, 2013; Lawrence, 2011;
McGee, 1979; Xie et al., 2020), there is some disagreement as to the number and kinds of spatial
abilities.
Thurstone (1969) claimed three distinct abilities: spatial orientation, spatial visualization,
and spatial relation. Lohman agrees with this idea, but adds the possibility of other minor factors
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(as cited in Pittalis & Christou, 2010). Some of these minor factors may be included in the list of
abilities Kimura (1999) provides, which adds spatial location memory, targeting, and
disembedding to the initial three abilities. McGee (1979), on the other hand, considers only
spatial orientation and spatial visualization to be factors of spatial ability.
Spatial orientation is “the ability to imagine how a visual stimulus or configuration looks
from a different perspective” (Albert & Golledge, 1999, p. 10). This correlates with the
perspective-taking factor proposed by Hegarty and Waller (2004). McGee (1979) further says
that spatial orientation involves “the aptitude to remain unconfused by the changing orientations
in which a spatial configuration may be presented” (p. 897) and is important for tasks such as
map reading and sense of direction.
McGee (1979) describes spatial visualization as “the ability to mentally rotate,
manipulate, and twist two- and three-dimensional stimulus objects” (p. 896). This skill is
considered to be a factor of success in college mathematics (McGee, 1979). Spatial visualization
differs from spatial orientation in that orientation tasks require a change in the position of the
person, while visualization tasks require a change in the object. Determining whether someone
has used spatial visualization or spatial orientation when completing a task can be difficult, as it
depends on the method used to perform the task. For example, a student may be shown an object
and asked to think about what the view looks like from a different perspective. If the student uses
spatial visualization to complete the task, he or she will imagine rotating the object until the
proper perspective is achieved; in contrast, if the student uses spatial orientation to solve the task,
he or she will imagine moving him or herself to the location that gives the proper perspective.
Pittalis and Christou (2010) add four categories of abilities specific to mathematics into
which visualization and orientation can be broken: representing objects, structuring,

5
measurement, and mathematical properties. Representing objects is defined as manipulating
forms of objects and constructing models. Structuring is defined as constructing and
manipulating partitions of objects. Measurement is defined as calculating and estimating. Finally,
mathematical properties is defined as realizing, identifying, and comparing structural elements.
Literature Review on Training for Spatial Skills
Improving students’ spatial skills is important because spatial ability has been linked to
mathematical ability. A meta-analysis of 73 studies ranging in date from 2008 to 2018 performed
by Xie et al. (2020) found that there is a positive and significant correlation between spatial
ability and mathematical ability. Young et al. (2018) agree with this finding, but note there is a
definite gap when it comes to understanding how spatial skills and mathematical skills are
connected. These authors encourage the training of spatial skills to promote success in
mathematics.
An examination of literature related to the training of spatial skills gives evidence that
spatial skills can be improved by undergoing training. A meta-analysis of spatial skill training
studies completed by Uttal and Cohen (2012) analyzed 206 articles, ranging in date from 1984 to
2009. Through this analysis, the authors found that training led to an improvement of one-half
standard deviation, supports the authors’ conclusion that “transfer of spatial training is possible”
(Uttal & Cohen, 2012, p. 174).
Success in spatial skills training has continued since the conclusion of the meta-analysis.
Several studies have been performed with engineering students, as spatial abilities are considered
an essential part of success in engineering fields. Studies performed by Martin-Gutiérrez et al.
(2010), Martin-Dorta et al. (2011), and Sorby et al. (2013) each demonstrated improvement in
engineering students’ spatial skills following the completion of a spatial training course. The
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latter study also found a correlation between the increase in spatial skills and success in a
calculus course.
Spatial training has also been investigated in mathematics. An initial study performed by
Taylor and Hutton (2013) examined the use of origami and pop-up paper engineering as a spatial
skills training tool in elementary students. This study was expanded by Burte et al. (2017) to
include investigation of whether the training also impacted mathematics abilities. Both studies
showed improvements in spatial skills among the students, and the follow-up study showed
improvement among all students on real-world math problems and among older students on
problems involving visual representations and spatial thinking. Lowrie et al. (2019) also found
success in training elementary mathematics students by instantiating an intervention program
over a three-week period that focused on spatial visualization problems. This study demonstrated
significantly greater gains in spatial skills and mathematical performance in the experimental
group than in the control group.
Finally, spatial training has been performed in other STEM fields. Carlisle et al. (2015)
examined the effect of brief interventions performed over the course of a semester in
undergraduate general chemistry students. While the results demonstrated significant differences
between the experimental and control groups, the authors noted that there was evidence that
more training was needed. Applebee et al. (2021) found that students who participated in a weeklong spatial skills bootcamp not only improved their spatial skills, but also performed
significantly better in an organic chemistry course than their matched-pair counterparts. The
pairs of students did not, however, perform significantly different in the physics course.
Lee and Wong (2014) examined the difference between high school students using virtual
reality to learn about the anatomy of a frog and the more traditional classroom method of
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PowerPoint slides. The results of the experiment showed that the virtual reality environment
promoted a larger increase in scores from pre-test to post-test than the traditional learning
environment. Furthermore, the performance of students with lower spatial abilities was affected
more by the learning mode than the performance of students with higher spatial abilities.
Literature Review on Definite Integrals
Many topics covered in calculus require the use of spatial skills: graphing, curve
sketching, tangent lines, transformations of functions, and more. This study uses the topic of
volumes of solids of revolution to both test and train students’ spatial skills. According to Jones
(2015b), volumes of solids of revolution is just one of many topics that require the use of
Riemann sums in order to construct a robust understanding of the concept. This idea comes from
the consideration of the volume of the solid of revolution as the sum of the volumes represented
by its cross-sections with infinitesimally small width (represented by 𝑑𝑥 or 𝑑𝑦). That being said,
it is important to consider research pertaining to students’ conceptions of the definite integral.
It has been shown by several authors that in order for students to be successful with realworld applications of definite integrals, they must view the definite integral as a sum of infinitely
many pieces (Jones, 2015a, 2015b; Meredith & Marrongelle, 2008; Sealey, 2006, 2014;
Thompson & Silverman, 2008). Thompson and Silverman (2008) note that viewing the definite
integral as the accumulation of quantities that are formed via multiplication is essential for
students to understand that the “area under a curve” may represent something other than area, as
it does in volumes of solids of revolution.
Jones (2015a) refers to this idea as the “multiplicatively-based summation conception”
(p. 24), as the quantity being accumulated is found via multiplication and the results must be
summed to get the value of the integral. Through interviews with students, Jones (2015a) and
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Meredith and Marrongelle (2008) both determined that this view of definite integrals was highly
productive when it came to the students making sense of the problems.
Unfortunately, many students do not view the definite integral in this manner. A later
study by Jones (2015b) determined that “around half of all successful first-semester calculus
students might not draw on any summation conception as a basis for explaining the meaning of
these types of definite integral” (p. 731). This idea is supported by research on the framework
created by Sealey (2014). Through the examination of student processes in solving application
problems she found that the students struggled most with the product layer of the framework,
which involves conceptualizing the quantity being accumulated. With this being the case,
students are likely to struggle with volumes of solids of revolution.
Haptics
Haptic is “relating to or based on the sense of touch” (Merriam-Webster, n.d.). Thus,
haptic feedback is feedback observed through the sense of touch. For example, the vibration
feature on a cell phone is considered haptic feedback. Haptic feedback is also common in some
gaming systems, through vibrating game controllers. When used with a three-dimensional
computer-based environment, the combination of visual and haptic feedback allows the user to
“feel” an object that is on the screen. Haptic devices are often classified by their degrees of
freedom. Degrees of freedom refers to the number of positional arguments tracked by the device.
The most common devices have three degrees of freedom, tracking location along the 𝑥-, 𝑦-, and
𝑧- axes, or six degrees of freedom, which adds in roll, pitch, and yaw.
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Literature Review on Haptic Feedback used in Education
There are many studies involving the educational uses of haptics. Most commonly, these
studies fall into one of three categories – teaching science concepts, performing medical training,
or studies with subjects who have visual impairments.
The use of haptics to learn science concepts is intuitive, as haptic effects can demonstrate
the physical properties related to the concepts. Studies have been done with middle school
students to learn biology concepts such as passive transfer (Minogue et al., 2006) and animal cell
structure, including organelle identification (Jones et al., 2006). Although the studies done by
Minogue et al. (2006) and Jones et al. (2006) both showed gains in student performance, there
was no evidence that the gains were attributed specifically to the haptic feedback.
Studies in chemistry had similar results (Bivall et al., 2011; Persson et al., 2007), in that
gains were made from the pre-test to the post-test, but significant differences did not exist
between the experimental and control groups on the post-test. Through clinical interviews,
however, Persson et al. (2007) found evidence of more explanations involving force, which
implied that “haptics did successfully convey the importance of forces” (p. 177). Similarly,
Bivall et al. (2011) found that the haptics condition was able to prevent the occurrence of a
common misconception related to forces, and that “reasoning in the haptics group was generally
deeper and elaborated more on energy and stability ideas” (p. 715).
Physics education is a rich area of haptics study because of the nature of the concepts.
Physics deals with force and motion and therefore is a prime content area for haptic applications.
Hamza-Lup and Adams (2008) found that students who performed activities involving
applications of hydraulics with haptic feedback had a better understanding of Pascal’s principle
than the students who performed the activities without haptic feedback. Gorlewicz (2013)
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analyzed three years of data from labs using the haptic paddle (one degree of freedom) to learn
about various physics concepts. The data analysis showed a significant difference in cumulative
pre-test and post-test scores, indicating learning occurred overall. The scores were also
significantly higher when the quiz was taken after the lab (as opposed to the beginning of the lab
or after the pre-lab lecture), indicating the lab was indeed crucial to the learning process.
Medical training is a common application for haptics due to the possibility of performing
an unlimited number of trials without the danger presented with human subjects. There is a vast
amount of recent literature pertaining to medical training. One example is the study performed
by Chellali et al. (2012) which examined the training of medical students in how to plan and
perform biopsies. Students who trained using haptic feedback were faster, used fewer landmarks,
had less contact with organs, had fewer organ penetrations, had shorter insertion paths, and
missed less frequently than students who did not. These students also had a significantly shorter
insertion time.
Studies have also been done specifically to determine whether haptics-based applications
can promote learning in students with visual impairments. A total of 20 haptics-based
applications were developed using the framework described by Darrah et al. (2014) to teach
various middle school mathematics and science topics (Darrah M. A., 2013; Murphy & Darrah,
2015). After undergoing rigorous testing on design and usability, testing was done to determine
whether the applications promoted learning in students with visual impairments (Darrah M. A.,
2013; Murphy & Darrah, 2015). Each application tested showed significant learning gains in
student understanding.
Toennies et al. (2011) performed two experiments to evaluate whether an application for
Cartesian planes, shapes, lines, and slopes could be useful for students with visual impairments.
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For these experiments, different combinations of auditory and haptic feedback were used in order
to determine which feedback resulted in the most success for performing the tasks. Neither
experiment showed a significant difference between the different types of feedback. Shimomura
et al. (2013) represented several geometrical shapes in different ways to determine whether
haptics can be used to conceptualize three-dimensional geometry information. This study found
that orientation and excess information (i.e., the ability to explore the space freely) provided the
most difficulties when attempting to identify three-dimensional objects.
Conclusion
As has been shown in several studies, spatial skills can be increased through spatial
training, whether that training be a stand-alone course or instruction that has been integrated into
existing coursework. A link between spatial skills and mathematical ability has also been found,
indicating that an improvement in spatial skills may result in an improvement in mathematical
performance. There is little research, however, on the training of spatial skills in mathematics,
and the studies that do focus on mathematics are generally performed with students at an
elementary school level.
Similarly, there is much research on using haptics to teach concepts in science, but
haptics use in mathematics is fairly limited. The instances found in which haptics is used in a
mathematics setting focus on teaching students with visual impairments or validating a haptics
tool for use with students with visual impairments. No studies were identified that focused on
undergraduate mathematics or teaching spatial skills in a mathematical setting, and no studies
were found that specifically examine the effects haptics may have on spatial skills.
The goal of this research was to begin to fill the gaps identified above by examining
spatial skills training in an undergraduate mathematics setting, using haptics as a tool for
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training. Concepts of volumes of solids of revolution were used for the testing and training of
spatial skills as the topic requires the use of spatial skills, lends itself to the use of haptics in
training, and is related to an essential skill in calculus, the definite integral.
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Research Questions
The goal of the dissertation research was to determine what spatial abilities students
possess when entering calculus, whether those spatial abilities that are under-developed (if any)
can be remediated, and if so, whether haptics can play a role in developing those spatial abilities.
These concepts were broken down into four research questions to be answer by the dissertation
experiment. The following sections present the questions answered by the dissertation research
and how the research allowed each question to be answered. Key artifacts used to answer the
research questions include the Santa Barbara Solids Test (SBST), given as a pre-test and posttest to all students of a two-semester Calculus I course at West Virginia University (WVU), and
pre- and post-interviews conducted with a subset of the students who scored below-average on
the pre-test, split into matched pairs.
Research Question 1: What Spatial Skills Related to Cross-Sections Do Students Entering
Calculus Possess?
This question was answered by examining the results of the SBST pre-test and the preinterviews. Because the pre-test was given at the beginning of the semester to all students in the
course, the results reflect students’ abilities upon entering the course. The large population (306
students) also means the results can be considered typical across all students entering this version
of Calculus I at WVU. The SBST is designed to test spatial visualization by asking the students
to determine the shape of the cross-section. It also tests spatial orientation, by requiring students
differentiate between the egocentric answer, in which the student does not properly orient him or
herself with the cross-section, and the proper answer. The pre-test results were analyzed to
determine whether students possess spatial visualization and orientation skills when they enter
calculus.
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The pre-interviews primarily examined the following spatial skills related to crosssections: spatial orientation, spatial visualization – representing objects, and spatial visualization
– structuring. Spatial orientation was further tested by questions taken from the SBST as well as
cross-section questions with real objects. Spatial visualization – representing objects and spatial
visualization – structuring were tested by asking students to determine how an object should be
sliced (i.e. what cutting plane should be used) in order for the sum of the areas of the resulting
cross-sections to be easily calculated, assuming any necessary measurements could be taken. For
these types of questions, the student needed to manipulate the three-dimensional model in
multiple ways and construct multiple two-dimensional models (cross-sections). The student also
needed to consider how the resulting cross-sections fit together to form the three-dimensional
object.
Because the interview students scored below average on the SBST pre-test, the results are
limited to representing only students whose spatial orientation skills are under-developed. These
results are important as they present a robust depiction of the students with lower spatial
orientation abilities. A correlation between the results of the pre-test and the results of the preinterview would mean extrapolation to the entire population may be possible.
Research Question 2: What Difference in Performance Does the Haptic Group Exhibit
Over the Non-Haptic Group in the Post-Interview?
The purpose of this research question was to determine whether the addition of haptic
feedback promoted an increase in spatial skills. The most basic way to do this was to compare
the scores of the post-interview activities across the two matched pair groups. It was the hope
that this would give evidence of which group performed better and which format – visual or
visual with haptic feedback – had a larger impact on spatial abilities.
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To get a more informed picture of the performance of the groups, the thought processes
of the students during the post-interviews were analyzed to see how the students used the various
spatial skills to come to conclusions. Then, the post-interviews were compared to the preinterviews in an attempt to see whether adding haptics to the intervention made a difference in
student learning or the processes the students used to perform the interview tasks.
Research Question 3: How Do the Performance and Explanations Differ Among the
Interview Population From the Pre-Interview to the Post-Interview?
This question was answered by comparing the pre-interview and post-interview for each
student in the Interview Population. At the most basic level, the interviews were compared to
determine whether student performance improved from the pre-interview to the post-interview.
Student explanations were also examined to determine whether the student had a better
understanding of the material. The analysis of the explanations was important because students
can guess the correct answer without actually understanding the content, and students can also
have a good understanding of the content, but make a simple mistake. These explanations were
also analyzed to determine whether the language used changed in any way. In particular, a focus
was placed on language related to spatial skills and haptic thinking.
Research Question 4: How Does the Difference in the Pre/Post Spatial Skills Test Given at
the Beginning and the End of the Semester Differ Among the Groups?
Through the course of the study, the students who participated in the research were
referred to as a part of six groups (see the Research Methods section for details on the groups).
To answer this question, the improvements in each of the groups were compared. The main goal
was to discover which group made the most improvement in order to determine: 1) whether
spatial skills improved without the use of the intervention, 2) whether students who participated
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in the intervention showed more improvement in spatial skills than the students who did not
participate in the intervention, and 3) whether the students who received haptic feedback in the
intervention showed more improvement than the students who did not receive haptic feedback. It
has been shown that spatial skills are necessary for students to understand integrals and volumes
of solids of revolution (Engelke et al., 2016), so this information was critical in making an
argument for spatial skill remediation in calculus students.
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Theoretical Perspective
Constructivism
Spatial reasoning is not first introduced in calculus, nor is it restricted to mathematics; we
use spatial reasoning every day from the time we are small children, though not always in a
mathematical sense. Because of this, students enter calculus with a variety of spatial abilities and
conceptions based on their past experiences. In order for students to be successful in performing
spatial tasks in calculus, they must be able to build on a solid foundation of spatial reasoning
skills that have been previously developed. This leads naturally to examining students’ spatial
abilities through the lens of Constructivism.
Constructivism is based on the idea that knowledge is constructed from “our perceptions
and experiences, which are themselves mediated through our previous knowledge” (Simon,
1995, p. 115). According to Schoenfeld (1987), this perspective embraces the notion that “we
build our own interpretive frameworks for making sense of the world, and we then see the world
in light of these frameworks” (p. 22). This defines the learner as the active constructor of
knowledge (Prawat & Floden, 1994). Knowledge is built by the learner actively recognizing and
solving problems, asking questions, and creating new problems (Dubinsky, 1991).
This perspective is in contrast to the idea that students arrive without any previous
knowledge of concepts. Simon (1995) notes that in the process of schema creation, there is no
way to know if it is correct; one can only know if it is consistent with the experiential world on
which it was built. The result of this is that students may construct interpretations that are
consistent with the subject matter, but turn out to be incorrect (Schoenfeld, 1987).
Piaget describes this using the terms assimilation and accommodation. Assimilation is
“the process whereby an action is actively reproduced and comes to incorporate new objects into
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itself” (Piaget, 1970, p. 63). This means the learner develops a new understanding of the
information in order for it to fit into the existing structure. Accommodation, on the other hand, is
“the process whereby the schemes of assimilation themselves become modified in being applied
to a diversity of objects” (Piaget, 1970, p. 63). This occurs when the learner modifies the already
formed structures so the new information is consistent. Thus, instead of arriving as a “blank
slate”, students actually arrive with notions as to what is going on, many of which may be
incorrect. It is up to the instructor to push the students to enter an adaptive process by presenting
them with experiences that differ from the incorrect constructs.
Based on these ideas, spatial abilities can be improved, but they are not explicitly taught
in the manner that addition and subtraction are. There are no formulas for spatial abilities, nor are
there step by step instructions to follow. Spatial abilities must be constructed individually and are
based on experiences. For example, a sighted person uses vision to navigate and determine
distances between objects. A non-sighted person, however, uses the sense of touch to determine
the same information. If both were asked to perform the same spatial task, the advantage would
go to whichever is more familiar with that mode: the sighted person would be at a clear
advantage in a visual spatial task; the non-sighted person would be at a clear advantage in a
tactile spatial task.
This advantage, however, does not have to exist forever. By being exposed to more
tactile spatial tasks, the sighted person can develop the ability to perform the necessary skills.
Similarly, though a non-sighted person will not be able to see as a sighted person would, he or
she can develop techniques to assist in the performing of the task. By gaining experience in the
unfamiliar realm, knowledge of performing spatially in that realm is constructed, and the
necessary abilities are developed.
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Spatial Skills Framework
The goal, then, is to promote the development of spatial abilities by exposing students to
a variety of spatial activities. To assist with this, Engelke et al. (2016) developed a Spatial Skills
Framework to determine what spatial skills are most common in calculus by breaking down
various types of problems encountered in the course. This would allow remediation to focus on
the skills that are most necessary for success. In this framework, the authors combine the four
spatial categories introduced by Pittalis and Christou (2010) (representing objects, structuring,
measurement, and mathematical properties) with the two spatial abilities (orientation and
visualization), and further break skills down based on dimension (two-dimensional and threedimensional). Definitions of the spatial categories and abilities can be found in the Definition
and Literature Review section. This results in 16 (4 x 2 x 2) potential categorizations for skills
required to complete a spatially related calculus problem.
To use the framework, one must break a mathematics problem down into individual steps
and determine what spatial skills are used at each step, keeping in mind that any given step may
use multiple spatial skills. As an example, the authors broke down a common calculus problem:
computing volumes of solids of revolution (see Figure 1 and Figure 2, taken from Engelke et al.,
2016). Students must draw on both two-dimensional and three-dimensional spatial skills in order
to properly rotate a two-dimensional region to form a three-dimensional solid, then determine
how to slice that solid and properly calculate its volume.
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Figure 1
The Steps Necessary to Compute the Volume of a Solid of Revolution

Note: From “A framework for examining the 2-D and 3-D spatial skills needed for calculus,” by
N. Engelke et al., 2016 Proceedings of the 19th Annual Conference on Research in
Undergraduate Mathematics Education, pp. 737-738.
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Figure 2
Categorizing the Spatial Skills Necessary to Compute the Volume of a Solid of Revolution

Note: From “A framework for examining the 2-D and 3-D spatial skills needed for calculus,” by
N. Engelke et al., 2016 Proceedings of the 19th Annual Conference on Research in
Undergraduate Mathematics Education, p. 738.

Representing objects is put to use when a student attempts to draw a cross section of a
three-dimensional object. Structuring is used when a student must consider the cross sections that
result from slicing an object an infinite number of times using parallel cutting planes.
Measurement is involved in performing the actual calculation of the area of a cross-section.
Finally, mathematical properties involves structural elements such as limits of integration.
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Initially, the framework is used to represent the most common method a student would
follow while working through a particular type of problem. In a similar manner, the framework
can be used to examine a student’s actual thought process while working through a specific
problem. By examining the discrepancies between the student’s actual process and the ideal
process, we can begin to understand where difficulties arise and focus on those individual spatial
abilities.
Theoretical Perspective for Remediation of Spatial Skills
A combination of these two ideas can be used when considering undergraduate
mathematics students and their spatial reasoning abilities. Constructivism can be used to explain
how spatial skills develop and as a basis for creating remedial programs. The Spatial Skills
Framework can be used to determine what skills a student possesses or lacks and to identify
difficulties he or she may have in the process of solving a particular mathematics problem that
requires spatial reasoning.
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Spatial Reasoning Tests
The following spatial reasoning tests are referred to throughout this document. The tests
are presented separately here in order to provide in-depth descriptions that can be easily referred
to as necessary.
Santa Barbara Solids Test (See Appendix A: Santa Barbara Solids Test)
The Santa Barbara Solids Test (SBST) was developed by Cheryl A. Cohen and Mary
Hegarty (Cohen & Hegarty, 2012). The test was designed as a means of determining what
difficulties undergraduate students have in determining cross-sections of three-dimensional
objects. The test is comprised of 30 multiple-choice questions. Each question gives the student a
picture of a figure transected by a cutting plane. The student’s task is to determine the shape of
the cross section that is a result of cutting the figure with the displayed cutting plane.
Four answer choices are given for each question: the correct answer, the egocentric
distracter, the combination distracter, and the alternate distracter. The egocentric distracter is the
correct shape of the cross-section presented at an incorrect perspective (the test requires the
student to act as if they are looking at the cross-section head-on). This means the student has
identified the correct shape, but is not able to view it with the correct orientation. The
combination distracter is a combination of two possible cross-sections. The alternate distracter is
a valid cross-section of the figure that is found using a different cutting plane. In Figure 3,
answer (c) is the correct answer, answer (b) is the egocentric distractor, answer (a) is the
combination distractor, and answer (d) is the alternate distractor.
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Figure 3
A Sample Problem From the SBST

Note: (c) is the correct answer, (b) is the egocentric distractor, (a) is the combination distractor,
and (d) is the alternate distractor.

Three types of figures are used in the test: simple figures, which are geometric solids
such as cones and cylinders; joined figures, which are simple figures that are attached at their
edges; and embedded figures, which consist of one simple figure embedded in another (Cohen &
Hegarty 2012). Each type of figure comprises one-third of the test questions. There are also two
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types of cutting planes in the test: orthogonal planes (horizontal or vertical), and oblique planes.
Each type of cutting plane comprises one-half of the test questions.
Spatial Reasoning Aptitude Test – Hard (See Appendix B: Spatial Reasoning Aptitude Test
– Hard)
The Fibonicci website (www.fibonicci.com) contains several aptitude tests including
Numerical Reasoning, Logical Reasoning, Verbal Reasoning, Spatial Reasoning, and NonVerbal Reasoning tests (Fiboni V.O.F., n.d.). The tests provided by the website are to be used as
training exercises to prepare for psychometric tests, pre-employment tests, and admission tests
that utilize aptitude tests to help discriminate between applicants.
The Spatial Reasoning Aptitude Test – Hard consists of 12 multiple choice questions
(Fiboni V.O.F., n.d.). Each question displays a two-dimensional net of a three-dimensional figure
accompanied by four three-dimensional figures as answer choices. The student must choose
which three-dimensional figure is formed by folding the displayed two-dimensional net. Of the
12 questions, 9 present nets that fold into complex objects. Two questions present simpler
objects, but the student must pay careful attention to the coloring of the sides. One question
contains a net that folds into an open shape.
Revised Purdue Spatial Visualization Tests: Visualization of Rotations (See Appendix C:
Revised Purdue Spatial Visualization Test: Rotations)
The Purdue Spatial Visualization Tests: Visualization of Rotations (PSVT:R) was
developed by Roland B. Guay in 1976 (Bodner & Guay, 1997). The test is comprised of 30
multiple choice questions in which the student is presented an example figure and its result after
a rotation, then must determine which choice represents a second figure under the same rotation.
As opposed to many other rotations tests which contain simple block figures, the figures in this

26
test have inclined, oblique, and curved surfaces, thus making the mental rotation of the objects
more difficult. The test is designed to be completed in 20 minutes.
The PSVT:R was revised by So Yoon Yoon in 2011 to correct figural errors found by
Jianping Yue (Yoon, 2011). These errors included missing and extra features in both the example
figures and the answer choices. The necessary revisions were determined by first drawing each
figure using a graphic design program and rotating the figure to compare the result to the objects
on the test. Comparisons were also done to three-dimensional figures constructed of clay and
wood. Finally, a panel of qualified doctoral students examined the figures to confirm the errors
and necessary revisions.
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Pilot Studies
Two smaller pilot studies were conducted in order to provide a foundation for a larger
scale intervention design and research study. Each pilot study presented different challenges and
insights to the researcher, which are evidenced in the primary research design. Participants of the
pilot studies are identified by pseudonyms.
Pilot Study 1
The first pilot study was conducted in the Fall of 2013. The purpose of this pilot study
was to determine how a student’s spatial reasoning skills affect his or her ability to set up the
appropriate integral representing the volume of a solid of revolution.
Methods
Interviews were conducted with three students enrolled in a second semester Calculus
course. Each interview consisted of four parts: warm-up questions, spatial reasoning, physical
volumes, and solids of revolution. The goal of the warm-up questions was to accustom the
student to the interview setting and gain insight into his or her background relevant to the
interview material. Each student was asked about his or her mathematical background, the types
of toys he or she played with as a child, whether he or she liked to do puzzles, and whether he or
she participated in sports as a child.
The spatial reasoning section consisted of a two-section spatial reasoning test, each
section consisting of 3-4 multiple choice problems (time permitting). Section one consisted of
problems taken from the Santa Barbara Solids Test, while section two consisted of problems
taken from the Spatial Reasoning Test – Hard (see Figure 4). Students were asked to justify their
answer choice as well as refute the remaining answer choices. In times of uncertainty, students
were instructed to choose the option they thought was most likely to be correct.
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Figure 4
The Spatial Reasoning Test for Pilot Study 1

Problem 1

Problem 2

Problem 3

Problem 4

Problem 5

Problem 6

Problem 7

Problem 8

Note. The first four problems are taken from the Santa Barbara Solids Test. The last four
problems are taken from the Spatial Reasoning Test - Hard.
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The physical volumes section of the interview asked the students to describe how they
would estimate the volume of three different foods: a donut, a banana, and a butternut squash.
Students were urged not to be overly concerned with formulas, but to give a procedure for
finding the volume. Students were also told to assume they had the ability to take any necessary
measurements and to cut the object however they desired. Finally, the solids of revolution
section presented the student with 2-3 (time permitting) solids of revolution for which to
compute the volume. These problems can be seen in Appendix D: Pilot Study 1 Solids of
Revolution Problems. Volumes were covered in class prior to the interviews, so students were
expected to be familiar with the material in this portion of the interview. Similar to the physical
volumes portion, students were urged to focus not on obtaining a numerical answer, but on
presenting an integral that would lead to the precise volume. Students were asked to explain what
each part of the resultant integral represented and to justify their choice of method.
The only significant changes made to the interview protocol throughout this process were
to correct errors found in the solids of revolution portion of the interview. The initial interview
exposed some minor errors in the phrasing of the problems that required the student to ask for
clarification. To remedy this, the bounds listed in the problems were adjusted to better describe
the volume. There was also a small typographical error that required attention.
Results
Results of the spatial reasoning test, physical volumes, and solids of revolution portions
of the interviews were analyzed.
Spatial Reasoning Test. Each student correctly answered four of the eight spatial
reasoning problems correctly. Overall, greater success was achieved in section one of the test.
Seven of the twelve answers given in section one were correct, with four egocentric choices
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selected. In section two, five of the eleven answers given were correct (one student was not given
the final problem in this section). Furthermore, no student answered problem 3 or 4 correctly.
Section one of the test is presented student by student as the arguments presented tended to be
unique to each student. Section two of the test is presented problem by problem as the techniques
applied tended to be similar, though the results were quite different.
Section One. Of the three students, Kim was the only one who chose a distractor that was
not egocentric. Problem 2 presented a pyramid with a rectangular base cut by an oblique plane.
Kim was adamant that the pyramid had a triangular base and chose the sole answer choice that
reflected such a shape. The other two students had no difficulty seeing that the base was
rectangular and eliminated the triangular choice immediately. Kim was able to choose the correct
answers for problems 1 and 3, but chose the egocentric answer for problem 4. The justification of
her answer choice was based on the size of the three-dimensional object in relation to the size of
the cross-section. For problem 1 she refuted the egocentric answer, saying “it looks awfully thin
for that shape” and referred to that same idea in problem 3. For problem 4, she chose the correct
answer because “it looks like the right, um, circumference that, that’s shown . . . in the picture”.
Jake chose two correct answers and two egocentric answers. He had no trouble with
problem 2 and chose the correct answer quickly without considering any of the distractors. On
each of the other three problems, however, he narrowed the choices down to the correct choice
and the egocentric choice before making a decision. Similar to Kim, in each case, the deciding
factor was how narrow the resulting shape should be. The distinct difference, however, was that
Kim referred explicitly to the size in relation to the steepness of the cutting plane. In explaining
his choice of the egocentric answer for problem 3, Jake said “the cut is so steep that it looks like
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it would be a, a more narrow cross-section”. He made a similar argument for problems 1 and 4,
choosing the correct answer for problem 1 and the egocentric answer for problem 4.
Pete chose three correct answers and one egocentric answer. He initially chose an
incorrect answer for problem 2, but when asked to refute the remaining answer choices, changed
his answer to the correct choice. Similar to Kim, his justification of his choices for problems 1, 3,
and 4 included an argument about the slant of the cutting plane. When selecting an answer for
problem 1, he mirrored the cutting plane saying, “I just picked D ‘cause it was slanted”. For
problems 3 and 4, however, he remedied his thinking saying “when you visualize this, you won’t
notice anything slanting . . . you won’t notice like an angle or a slant or anything like that”. This
idea resulted in him choosing the correct answer for both problems.
Section Two. Pete had the most difficulty in the second portion of the test, answering
only one problem correctly, while Jake and Kim both answered two problems correctly. Jake
tended to present the most focused arguments to justify his choices, though he still resorted to
making a best guess on one problem, as the other two students did multiple times.
Though all three students answered problem 1 correctly, Jake was the most successful at
justifying his answer choice. Each student began by focusing on a triangular shape in the net.
Based on this shape, Jake and Pete were able to eliminate options C and D because, as Jake said,
“it’s definitely gonna come to a point and neither of these have points”. Pete eventually chose A
over B, but struggled to make a convincing argument supporting his decision. Kim was also
unable to justify her final decision. Early on, she admitted “honestly I’m just kind of guessing
cause I, I can’t really see the object”. Jake was the only one able to recognize a second defining
piece of the net and use it to distinguish between the remaining choices, ultimately choosing the
correct answer.

32
Pete attempted to employ the same strategy for problem 2 but was unsuccessful. He
matched a “V” shape in the net with an incorrect portion of the three-dimensional choices. His
incorrect solution was a direct consequence of this misidentification. Jake and Kim began
problem 2 by working in the opposite direction – beginning with the three-dimensional objects
and eliminating choices based on the absence of relevant net pieces. Each was able to use this
strategy to eliminate two answer choices. Kim returned to the original strategy in order to make a
final decision, but like Pete, made this decision by incorrectly identifying the “V” shape in the
net with a piece of the three-dimensional object. Despite this inaccuracy, she was able to choose
the correct answer. Jake was the only student who matched the “V” shape with its correct
placement on the three-dimensional objects, though this did not assist in his final decision. In the
end, his selection of the correct answer was based on the perceived size of the triangular shape.
None of the students chose the correct answer for problems 3 or 4. In problem 3, all three
students zeroed in on the same key piece of the net, but all three students misrepresented this
piece in the three-dimensional figures. The result was each student choosing the same incorrect
answer. Pete was not administered problem 4, while Jake admittedly made a guess at the answer,
saying “I don’t find any of these in that, honestly”. Kim attempted to apply the previous
strategies but did not make an appropriate connection between the net and the answer choices.
Physical Volumes. All three students were anxious to cite specific volume methods
during the physical volumes portion of the interview. When asked how to find the volume of a
donut, each student referenced the “washer method”, in which as Kim described, “you take the
volume of the whole thing, assuming that this was a solid, but then you would like subtract the,
the, the middle”. All three students were successful in describing the “outer radius” and “inner
radius” of the donut and the washer method process.
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Pete insisted on finding some type of mathematical formula for each object. In the case of
the donut, he suggested finding a formula for the surface area and then integrating to get the
volume. When trying to find the volume of the banana, he attempted to use a Riemann sum. The
butternut squash gave him particular difficulties as he failed to see how to cut it to get a
consistent shape to integrate. With some help, he was eventually able to see how it could be
broken down into the sum of a cylindrical shape and a spherical shape.
Jake and Kim were able to be more flexible after the initial object and both compared the
banana to a cylinder in order to find its volume. The main difference between the two students in
this idea was where to measure the “height” of the cylinder – Jake measured along the curve of
the inside of the banana while Kim measured along the curve in the center of the banana. Both
were aware that this calculation would result in an estimate of the volume, not the exact answer.
Similarly, both Jake and Kim quickly recognized the ability to cut the butternut squash into a
cylinder and a sphere as a means of estimating its volume.
Solids of Revolution. Jake and Kim had little trouble determining the appropriate
integrals for calculating the volumes of the solids of revolution given to them. Both students
began by drawing a picture, then using a representative rectangle on their picture to determine
which method to use. When asked why he drew a picture, Jake said “It helps me decide what
technique to choose for integration”. During the process of developing an integral to represent
the volume of the solid in problems 2 and 3, Kim actually drew a picture of the representative
rectangle rotated about the 𝑦-axis and referred to the shape as a “shell”.
Though she was able to give the correct integral for both problems 2 and 3 (disregarding
a bound error), Kim was unable to accurately describe what each piece of the integral
represented. For instance, in problem 2 she referred to the function 𝑓(𝑥) as the circumference of
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the shell, when it in fact represented the height; she also mistook the radius of the shell, 𝑥, as
representing the height of the shell. She partially corrected this thinking in problem 3, but still
maintained that the radius was in fact the circumference. Kim was able to provide the correct
integral for problem 1 and to correctly identify its parts, but admitted that she was just
remembering a formula. This lack of understanding was reinforced when she was asked to do
problem 2 in a different way. She recognized that the “washer” method applied, but could not
remember the formula and could not use her knowledge of the process to reconstruct it.
Jake was able to correctly work all three problems and showed a deep understanding of
the process. Unlike Kim, he rarely appeared to be working on memorization. For example, in
problem 3, instead of using the “shell” method, he elected to use the “washer” method and split
the volume into two parts, similar to the cutting of the butternut squash. In doing so, he had to
determine the inner and outer radii for each part, as well as where to make his cut. This
determination could not be found using a formula, but took recognizing where the calculations
he was going to make required different functions. Specifically, the lower part of the volume
required the use of the two functions given, while the upper part of the volume required the line
𝑥 = 4.
Pete had some obvious difficulties in determining the volumes, but these difficulties were
not related to the process of setting up the integral. Like Jake and Kim, he began by drawing a
picture, but struggled to identify the appropriate area to rotate. In problem 2, instead of rotating
the area bounded by the given curve and 𝑦 = 0, he attempted to rotate the area between the given
curve, 𝑥 = 0, and 𝑦 = 3. The resultant integral represented a volume calculated via the “disc”
method, but was of a solid other than the one that was intended. It is important to note, however,
that based on Pete’s interpretation, the integral was set up correctly. In problem 1, he identified
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the correct portion of the graph to rotate, but elected to use the “washer” method of finding the
volume and was unable to determine what his inner radius would be. Despite this issue, he was
able to set the integral up correctly, denoting the inner radius by an unknown 𝑔(𝑥). Had he made
the realization that 𝑔(𝑥) = 0 in this case, he would have presented the correct integral. Pete did
not work problem 3 due to time constraints.
Discussion
Section one of the spatial reasoning test involved examining cross-sections of threedimensional objects. When determining which method to use to compute the volume of a solid of
revolution, the student must first determine the shape of a cross-section of the solid. Though not
said explicitly, each student made reference to the shape of the cross-section when asked about
their choice of variable of integration. For example, while working out problem 2, Jake was
asked why he chose to use 𝑦 as his variable of integration. His response was simple: “I didn’t
feel like doing shells”. Though he doesn’t say it aloud, it is clear that he understood the shape of
the three-dimensional object at hand and that slicing it the opposite way would result in “shell”like shapes as opposed to washer-like shapes.
All three students performed well on section one of the spatial reasoning test (taking into
consideration that the egocentric answer choice is still essentially correct), and all three students
used an appropriate method to calculate each volume based on the picture they developed. This
does not necessarily represent a correlation between the two abilities. We can say, however, that
a correlation is possible as success was achieved in both areas. Performing this part of the study
over a much larger sample size would provide more information about whether these abilities are
interdependent.
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Section two of the spatial reasoning test involved forming three-dimensional objects from
two-dimensional representations. This is similar to picturing what the solid of revolution will
look like based on the two-dimensional section that is rotated. Despite great difficulty in this
section of the spatial reasoning test, each student was able to represent a three-dimensional
object based on the given two-dimensional section. This discrepancy may lead to the conclusion
that a lack of spatial reasoning skills in this area does not affect the student’s ability to perform
the task at hand. I would argue, however, that either this section of the spatial reasoning test was
inadequate for the purpose of the study, or the difficulty level of the solids of revolution was not
at a level that truly tested the students’ abilities.
Though both tasks involve building three dimensions from two, the process of folding is
very different from the process of rotating, so the ability to mentally rotate cannot necessarily be
connected to the lack of ability to mentally fold. In addition to this, the spatial reasoning test
does not appear to have been formulated based on research, and there is no data to show the
validity of the test (it was simply found online). On the other hand, the shapes the students were
required to rotate were fairly simple. Producing more complex sections for rotation may have
resulted in a better connection between the test and the solids of revolution. Because of these two
ideas, this section of data is inconclusive.
Finally, the interviews conducted with Kim and Pete presented a need for further
investigation. Though both were successful in setting up the volumes, neither seemed to really
understand how they worked. In discussing the physical volumes, Pete said “I never do visualize
it this way, she like just gives us graphs and tells us to find the volume which is so easy but I’ve
never looked at it this way”. Kim made a similar comment that “I’ve never thought of the
volume of a donut before”. Both students struggled to connect the idea of computing volumes of
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solids of revolution to any real-world applications. This lack of connection manifested itself in
both of these students relying on the memorization of formulas in computing the volumes of the
solids of revolution. This memorization was evidenced in Kim’s inability to properly describe
what the various pieces of the integral represented and in Pete’s inability to see that the inner
radius in problem one should have been zero.
Pilot Study 1 Reflection
This pilot study presented some unexpected challenges. The major challenge was that the
students were reluctant to move away from the use of the volume formulas. This seemed to
hinder the use of their spatial skills when it came to determining how to find the volume.
Because they had knowledge of the volume formulas and were accustomed to being asked to
compute volumes that required the use of one of the formulas, the students limited their thinking
to determining the answer to one question: “Which formula should be used?”. Because of this
focus on formulas, it was determined that a different population – one that has not been
introduced to the volume formulas – should be used in the future.
A second challenge was the disconnect between the second section of the spatial
reasoning test and the results of the calculations. Initially, it was believed that the ability to fold
the nets into a three-dimensional shape would parallel the ability to rotate the two-dimensional
cross-section to create the three-dimensional solid of revolution. This did not appear to be the
case, however. Instead, no correlation between the two tasks was found. Thus, it was determined
that a new spatial reasoning test that better reflected the action of rotating the cross-section was
needed.
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Pilot Study 2
A second pilot study was done in the spring of 2015 with students in the first semester of
a two-semester Calculus I course.
Methods
Sixty-seven students ranging in age from 18 to 24 completed a multiple-choice spatial
reasoning test consisting of two sections. The first section consisted of fifteen problems taken
from the Revised Purdue Spatial Visualization Tests: Visualization of Rotations (Revised
PSVT:R). This test was chosen to replace the Spatial Reasoning Test – Hard because it has been
shown to be both reliable and valid (Bodner & Guay, 1997). A variety of questions were chosen
from the revised test based on the number of rotations, the axis or axes of rotation involved, and
the makeup of the object that is rotated. The second section of the test consisted of ten problems
taken from the Santa Barbara Solids Test. The questions for this portion of the test were chosen
based on the type of object presented and the axis of the cutting plane.
Following the spatial reasoning test, three students participated in individual interviews to
further explore their spatial reasoning skills. Each interview began with a set of warm-up
questions to familiarize the student with the interview process and put him or her at ease. Next,
the students answered selected questions from the spatial reasoning test and justified their
answers. This part of the interview was done without the student referring to their corresponding
answers on the written test. If any answer differed from that given on the written test, the student
was asked to decide which answer was truly correct and explain why he or she had made a
different choice on the written test.
After considering several questions from both sections of the test, the student was asked
to determine how to find the volume of a few everyday objects: a donut, a banana, and a
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butternut squash. The students were encouraged to think of splitting the object into more
manageable pieces. Finally, the interview concluded with the mathematics portion. This portion
contained four problems pertaining to solids of revolution (see Appendix E: Pilot Study 2
Interview Problems). First, the student was asked to sketch the solid of revolution described in
each problem. Then, the student was asked to consider how the volume could be found for each
solid. In each interview, the researcher began this section with a cursory explanation of how a
bounded region is found and how it is rotated about an axis or line. This instruction was
necessary as these students had not been exposed to the essential processes to perform the task.
Results
The mean score for the spatial reasoning test was 14.7 out of 25 questions. This is a good
representation of the population as the median score was 14. Test scores ranged from 7 to 25
with 42 students falling within one standard deviation (4.9) of the mean. Overall, students
performed slightly better on the Revised PSVT:R portion of the test, scoring a mean of 9.0
(approximately 60%) to a mean of 5.6 (approximately 56%) on the SBST portion of the test.
Assigning half a point for the egocentric answer on the SBST, however, results in a significant
improvement in scores: the overall mean increases to 16.0 with a median of 15.5 and standard
deviation of 4.2; the mean score for the SBST portion of the test increases to 6.9 (approximately
69%); and the number of students in need of remediation based on the 60% threshold drops to 31
(approximately 46%).
Using the 60% threshold set at Michigan Technological University, approximately half
the students (35 of 67) were in need of remediation. Breaking it down by test portion, 33 of the
students (approximately 49%) were in need of remediation on PSVT:R skills and 32 of the
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students (approximately 48%) were in need of remediation on SBST skills. A total of 19 students
(approximately 28%) scored below the 60% threshold on both portions of the test.
Discussion
The scores on the spatial reasoning test are significant as the two portions of the test
represent the two major components to computing the volume of solids of revolution: rotations
and cross-sections. Success on the PSVT:R indicates that the student possesses the ability to
perform mental rotations, while success on the SBST indicates that the student possesses the
ability to construct cross-sections. Students who struggled on both sections of the spatial
reasoning test would likely struggle greatly when asked to compute the volume of a solid of
revolution, but even under-development of one of the skills would lead to difficulties. If the
student is unable to correctly revolve the bounded region about the given axis, he or she will not
have the correct solid for which to compute the volume. If the student is unable to correctly
identify the cross-sections of the solid, he or she will not be able to calculate the volume
correctly. In order for students to have success in computing volumes of solids of revolution,
they must be able to both rotate the bounded region correctly and determine the correct crosssection shape.
Based on the scores of the spatial reasoning test portions, 46 of the 67 students would
have trouble computing volumes of solids of revolution due to deficiencies in spatial abilities.
The students strong in cross-section abilities but needing development in mental rotations
abilities would have a possibility of performing the correct steps for computing volume, but
perform those steps on an incorrect figure, therefore resulting in an incorrect answer. Similarly,
the students strong in mental rotations abilities but needing development in cross-section abilities
would likely create the correct solid of revolution, but use an incorrect formula for volume by
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basing it off of an incorrect cross-section. Students needing development in both abilities would
potentially both form an incorrect solid and compute the volume off of incorrect cross sections.
The interviews shed further light on the skills necessary to properly calculate the volume
of a solid of revolution. Through the interviews, it became very clear how important the ability to
visualize the revolution of a solid is to the process. Though each student interviewed scored at
least a 13 out of 15 on the Revised PSVT:R portion of the spatial reasoning test, there were some
significant struggles in revolving the bounded region. One of the students interviewed was able
to successfully draw each of the figures described. The other two students, however, had a
common difficulty in understanding how the solid was formed. Both of these students viewed the
solids as a collection of distinct copies of the bounded region placed at various points in the
rotation. For instance, one problem asked the student to revolve the region bounded by 𝑓(𝑥) =
𝑥 , 𝑥 = 1, and 𝑦 = 0 around the 𝑥-axis. One student was able to revolve the region correctly, but
viewed the “solid” as copies of the bounded region at the original placement and after each 90
degrees of rotation, resulting in a shape similar to a boat propeller.
The difficulties these two students faced are not uncommon. Okumus and Hollebrands
(2016) performed a research study with high school students related to revolving twodimensional figures to form solids. In this study, students struggled to translate the rotation of a
two-dimensional figure into the resulting three-dimensional figure. At first, using paper and
pencil, the students had difficulty translating the directions for rotation into meaningful actions.
With the use of physical manipulatives, the students were able to perform the rotations, but were
still unable to correctly form the three-dimensional shape. This study further shows that it is
important for students not only to understand how to rotate the two-dimensional region, but that
they must also understand how the rotation results in a three-dimensional shape.
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When asked to describe how to compute the volume of each solid none of the students
used a cross-section approach. This is likely due to the fact that the students had no experience
with integration or the idea of cutting a figure into cross-sections. Each student compared the
figures to objects with known formulas, such as a sphere, pyramid, cylinder, etc. The students
were aware of the fact that using one of these formulas would not result in an exact answer, as
the figures were not exact. The strategy, however, was to either get an estimate of the volume, or
use the known formula and subtract some piece of the volume away. For example, one student
noted a pyramid-like shape but with curved sides, so it was determined that the pyramid formula
would be used, then somehow the difference between the straight sides of the pyramid and the
curved sides of the actual solid would be subtracted out to give the actual volume.
Pilot Study 2 Reflection
This study had major impacts on the direction of the next phase of research. By using
students in a lower-level calculus course, the problem in the previous study of students relying
on the volume formulas was eliminated. This showed that the population was a good choice for
the research because bias from previous knowledge was eliminated, as most of the students have
not had calculus previously, and the students were forced to rely on spatial skills to complete the
problems.
This population also presented some new issues. Students had to be instructed on how to
rotate the two-dimensional region to get a three-dimensional solid. Because time was limited and
the concept was so new, some students struggled to understand how the rotation worked,
therefore resulting in, at times, an object that could not be considered a solid. This essentially
eliminated the relevance of the second portion of the interview because there is no way to
determine a cross-section or find a volume when the object is not a solid. Also, as noted above,
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none of the students took a cross-section approach to computing volume, likely because they had
never seen volumes computed in such a manner. This rendered the students’ scores on the SBST
completely irrelevant. This knowledge guided the development of the research design for the
next phase of research.
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Research Methods
The dissertation research was a mixed-methods study using the combination of a
quantitative spatial reasoning test, semi-structured interviews, and student activities. The design
of the study was pre-test – post-test matched subject, using the quantitative spatial reasoning test
– the Santa Barbara Solids Test (SBST) – and other demographic information to match students
of similar spatial reasoning abilities and backgrounds for the qualitative part of the study.
Population
Research was done with students enrolled in a two-semester Calculus I course at West
Virginia University (WVU). Research and analysis were performed under the WVU Institutional
Review Board (IRB) protocols numbered 1412515061, 1705602250, and 2002883396. Student
identities are protected by using pseudonyms in place of names. In total, 306 students took both
the pre-test and post-test (see Figure 5). Students who did not take both tests were not included in
the dissertation research. The students ranged in age from 17 to 29, with over half the students
aged 18, and fewer than 20 students older than 20. The split between males and females was
fairly even, with the group containing 58 more males than females.
Students participating in the study are referred to as part of six groups: the Total
Population, the General Population, the Below-Average Population, the Interview Population,
the Haptic Group, and the Non-Haptic Group (see Figure 6). The Total Population was
comprised of all students in a Calculus I course that had been designed to be taught in two
semesters. Following the SBST pre-test, the Total Population was divided into the General
Population and the Interview Population.
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Figure 5
Demographics for the Total Population

Figure 6
The Six Student Groups

Total Population
General Population
Below-Average Population
Interview Population
Non-Haptic Group
Haptic Group
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To determine the Interview Population that would be divided into the Haptic and NonHaptic Groups, information learned from the pilot study and the literature were considered.
During the pilot studies, it was discovered that once the students had been introduced to common
methods for calculating the volumes of solids of revolution, such as the Disc Method, the
Washer Method and the Shell Method, the focus tended to be on using one of the formulas and
algebraic manipulation, rather than thinking critically about the solids and their cross sections
when cut by a plane. This hindered the ability to analyze the student’s spatial reasoning abilities
during the interview. The same difficulty was presented during the pre- and post-interviews, so it
was imperative that the students being interviewed had not been introduced to these common
calculus methods.
In the two-semester Calculus I course at WVU, students do not cover volumes of solids
of revolution, but it was also possible that some students may have taken a calculus course
previously, and consequently may have encountered the common methods of finding these
volumes in the past. Part of the demographic information collected from students was previous
mathematics courses, with the goal of choosing only students who had not taken calculus at the
high school or college level in the past. This was not possible, so six of the ten students who
agreed to participate had seen some form of calculus. None of the students, however, appeared to
have had experience in calculating volumes of solids of revolution.
Based on findings from the literature review, the Interview Population was initially
comprised of five pairs of students taken from the group of students who scored below the
average on the pre-test. It has been shown that students with lower spatial abilities benefit more
from targeted interventions than students with higher spatial abilities (Lee & Wong, 2014). The
goal of limiting the interviews and observations to students with lower spatial abilities was to
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have the opportunity to observe a larger increase or a more prominent effect from the
intervention.
To form the Interview Population, five students were chosen at random and pairs were
formed by matching five additional students based on their sex, age, previous math courses, and
SBST pre-test score. Some of the students initially chosen elected not to participate in the study,
so alternate matches were chosen until five pairs who agreed to participate were identified. These
ten students became the Interview Population. From each pair, one student was randomly placed
in the Haptic Group and the other was placed in the Non-Haptic Group.
Prior to beginning the intervention phase, one student in the Non-Haptic Group dropped
out of the study, leaving four matched pairs and one additional student in the Haptic Group. This
unmatched student completed the entire study, and as such, remained a part of the Interview
Population and Haptic Group for all analysis except for the matched-pair analysis. The student
who left the study did so prior to completing any of the intervention work, so his test scores were
considered a part of the General Population during analysis.
The students who scored below-average on the pre-test but were not a part of the
Interview Population comprised the Below-Average Population. This subset of the General
Population was identified for analytic purposes as a way to compare the Interview Population to
the subset of the Total Population the participants were chosen from.
Research Design
The study was done in three phases – the pre-test phase, the intervention phase, and the
post-test phase – over the course of a semester. The pre-test phase consisted of a SBST pre-test
followed by a semi-structured pre-interview. First, the SBST was given to the Total Population.
To avoid poor data due to lack of effort, measures were taken to help ensure the students took the
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tests seriously, including proctoring the testing sessions and giving participating students bonus
points. Based on these SBST pre-test scores, five pairs of students were chosen to make up the
Interview Population (split into the Haptic and Non-Haptic Groups as described above).
After the Interview Population was determined, a semi-structured pre-interview was
conducted with each student in the group (see Appendix F: Interview Protocol). The interview
consisted of four parts. First, the student was asked some warm-up questions about his or her
background in order to ease him or her into the interview setting. Second, the student was given
three questions from the SBST and asked to explain how he or she chose each answer. Next, the
interviewer showed the student a few three-dimensional objects. The student was first asked to
draw the cross-section of the object, similar to the SBST, but without the multiple-choice format.
Then, the student was asked to think critically to determine which cutting plane, parallel to the 𝑥axis or parallel to the 𝑦-axis, should be used in order to make it easiest to calculate the area for
all cross-sections of the object. Finally, the student was asked to draw a three-dimensional object
given some information about its cross-sections. The student was given two pieces of
information about the object’s cross-sections: all cross-sections determined by a vertical cutting
plane (through one plane) have a specific shape, and most, but not all, cross-sections determined
by a horizontal cutting plane have a specific shape. Through each of these questions, the student
was asked to talk through his or her thought process and explain the answer. These interviews
completed the pre-test phase.
During the intervention phase, the members of the Haptic and Non-Haptic Groups
worked through four activities. During these activities, both groups completed practice problems
similar to those presented in the pre-interview. Students in the Haptic Group worked through
these problems while viewing and “feeling” the objects on the computer with the haptic device.
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Students in the Non-Haptic Group worked through the problems while viewing the objects on the
computer screen, but did not have access to haptic feedback. Interaction between the students
and the researcher was limited during these activities, with the researcher or research assistant
available to answer questions to clarify the assignment or assist with the technology. The
researcher and research assistant did not provide any instruction during this time.
Finally, during the post-test phase, the pre-test phase was repeated in reverse order. First,
the students in the Interview Population completed the semi-structured post-interview. This
interview followed a similar protocol to the pre-interview; instead of asking the student
background questions, he or she was asked for feedback about the intervention design, and the
cross sections used to define the three-dimensional shape in the last problem were modified. The
final problem was also inadvertently modified so that all horizontal cross-sections were one
shape, while the vertical cross-sections required some variation. To conclude the study, all
students in the Total Population took the SBST again. The same setting used during the pre-test
was used during the post-test to encourage students to take the test seriously and bonus was also
provided for the post-test.
Intervention Design
The intervention consisted of four applications and worksheets developed specifically for
this research study and was completed over a four-week period in small groups. Students met
once per week in a classroom setting, where all computers and haptic devices (if necessary) were
set up and ready to use. The Non-Haptic Group met all together, while the Haptic Group met
over two time periods due to there being fewer haptic controllers than students in the group. The
two groups met on separate days in an attempt to prevent cross-contamination between the
groups. All intervention meetings were overseen by a research assistant who was available to
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answer technical questions related to the applications, but was instructed not to assist the
students in the completion of the activities.
Applications
The applications were developed using a similar framework employed for other
educational haptics applications (Darrah et al., 2014). Each application had two versions – a nonhaptic version used by the Non-Haptic Group and a haptic version used by the Haptic Group.
Aside from the additional haptic functionality described below, the two versions of each
application were identical. All the applications were loaded onto laptop computers provided by
the university. The haptic version of the applications also required the use of the Novint Falcon
as a peripheral.
The Novint Falcon (see Figure 7) is a low-cost haptic controller designed for computer
gaming. The device has three degrees of freedom. To control the cursor, the user grasps a
spherical knob that contains four buttons that provide feedback to the computer. When grasping
the knob, the user can feel the haptic feedback from the device, including, but not limited to,
shape, weight, magnetism, and texture. The user is able to “feel” objects through force feedback
provided by the device. Although some devices are still available through a third-party vendor,
development and support for the controller has ceased.
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Figure 7
The Novint Falcon Haptic Controller

All of the applications followed the same format: three scenes, each with one threedimensional object for the student to analyze. Each student was provided a reference sheet with
the relevant commands for the applications (see Appendix G: Application Directions – With
Haptics and Appendix H: Application Directions – Without Haptics). The student moved from
scene to scene by pressing the “TAB” key to move to the next scene, or the “BACKSPACE” key
to move to the previous scene. The camera position could be rotated around the scene by using
the arrow keys. This allowed the student to view the object from different angles in order to give
him or her as clear a picture as possible of what the object looked like. To return the camera to
its original position, the student could press the spacebar.
Pressing the “X” or “Y” key displayed two cutting planes on the object, parallel to the
selected axis (see Figure 8 and Figure 9). Each cutting plane was numbered to direct the student
in the completion of the worksheets that accompanied the activities (see Worksheets below).
Similar to the camera, the student could press the spacebar to remove the cutting planes and
return the figure back to its original form. To exit the application, the student could press the
“ESC” key.
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Figure 8
An Object With Horizontal Cutting Planes (After Pressing the “X” Key)

Figure 9
An Object With Vertical Cutting Planes (After Pressing the “Y” Key)
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The haptic version of each application added additional functionality to allow the student
to feel the objects. The student was able to explore each scene freely and “touch” each object
using the haptic device. In addition to this, when cutting planes were present (by pressing the
“X” or “Y” key, as described above), the student could press the number key corresponding to a
specific cross-section and have the movement of the haptic device restricted to that cutting plane.
This allowed the student to trace the perimeter of the cross-section created by slicing the object
with the chosen cutting plane.
In addition to the four intervention applications, the Haptic Group also completed a
preliminary application. This application served as an introduction to the haptic device and
environment and was completed in the first week of the intervention, prior to the first
intervention activity. This application was given to the Haptic Group to help the students grow
accustomed to the “feel” of different objects in the haptic environment and develop a familiarity
with navigation. Each scene contained one simple 3-D object, such as a sphere, a cylinder, or a
cube. Similar to the intervention activities, the student was able to explore the scene freely and
“touch” the object using the haptic device.
In this initial application, for each scene except the last, the student was able to see the
object being touched. In the final scene, the student was not able to see the object being touched.
The goal of this last scene was to test the student’s attentiveness to how the objects feel in the
haptic environment, so the student was encouraged to make a conjecture about what object he or
she was touching. As a check, the student was able to view the object by pressing the “V” key.
As added practice in this last exercise, the student was able to move to a new object, chosen
randomly from a fixed set of objects, by pressing the “N” key. This again produced a scene with
no visual, but something to feel.
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Worksheets
Each intervention application was accompanied by a worksheet for the student to
complete (see Appendix I: Sample Activity for an example). The worksheets were designed to be
similar to the interview questions pertaining to the real objects and were identical across the
groups. The same five questions were presented for each scene. First, the student was asked to
make a three-dimensional sketch of the object. Next, the student was instructed to press the “X”
key to see horizontal cutting planes, and to draw a picture of the cross-section created by each
cutting plane. The same question was asked for the vertical cutting planes, viewed by pressing
the “Y” key.
Next, the student was asked to imagine multiple cutting planes on the object in each
direction (parallel to the 𝑥-axis and parallel to the 𝑦-axis), and to make a decision on which
cutting plane direction should be used to make it easiest to calculate the areas of all the resulting
cross-sections. Because of the various reasons for choosing one method or the other, the student
was asked to explain why he or she chose that particular cutting plane direction. Finally, the
student was asked to give a list of measurements needed in order to calculate the areas of the
cross-sections that would result from his or her chosen cutting plane direction, and to explain the
answer.
The final activity included four additional questions to garner feedback on the
intervention. Students were asked what the most beneficial part of the application was and why,
as well as for their overall impression of the applications including any specific likes, dislikes,
and suggestions for improvement. Students were also asked to reflect on how much they
interacted with the objects (even the Non-Haptic Group could interact with the objects by
moving the camera) and what prevented them from interacting with the objects if they did not
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interact much. Finally, the students were asked if they had any difficulties while using the
application and how they could have been alleviated.
Data Analysis
Pre-Test and Post-Test
The SBST was scored out of 60 points – two points for each correct answer, one point for
each egocentric answer, and zero points for each incorrect answer. For the pre-test, the mean
over the Total Population was found in order to select students for the Interview Population. The
median and standard deviation were also found in order to provide further analysis of the pre-test
data, as these scores provided the baseline for the knowledge students entering calculus possess.
Following the post-test, the scores of any student who did not complete both the pre-test and
post-test were removed from the data sets. This allowed three sets of scores to be calculated for
each student: the pre-test scores, the post-test scores, and the change scores.
The change scores were found by taking the difference between the post-test and pre-test
scores, with a positive change score representing an increase from the pre-test to the post-test and
a negative change score representing a decrease from the pre-test to the post-test. These scores
represent the improvement in spatial knowledge between interviews. Extreme change scores
could indicate a lack of effort on one test or the other, resulting in a skewed score. Enough of
these scores could result in an inaccurate analysis due to the average score being influenced by
extreme outliers. To determine whether averages were skewed by extreme scores, a test analysis
was performed after eliminating the extreme 5% and 10% of the scores and these numbers were
compared to the total population. The average values did not change significantly, indicating that
the outliers had little effect on the calculations. Also, as indicated earlier, measures were taken to
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encourage the students to take both the pre-test and post-test seriously. For these reasons, no
reduction to the total population was made during analysis.
Multiple paired t-tests were performed on the pre-test and post-test scores. Paired twosample t-tests were run on each population to compare the pre-test data (number of correct
answers, number of egocentric answers, and total score) to the post-test data. These tests showed
the change in scores amongst each population. Paired two-sample t-tests were also run on the
matched pairs to compare the pre-test, post-test, and change scores. The test on the pre-test
values was used to verify that the groups were not significantly different, while the tests on the
post-test and change scores showed the difference in performance between the Haptic and NonHaptic groups.
Two-sample t-tests with unequal variance were run on the General Population and
Interview Population to verify that the pre-test values for the two populations were significantly
different, and to determine whether the post-test values were significantly different. Similarly,
two-sample t-tests with unequal variance were run on the Below-Average Population and the
Interview Population to verify that the pre-test values for the two populations were not
significantly different, and to determine whether the post-test values were significantly different.
Finally, two-sample t-tests were run on the General Population and the Interview Population and
the Below-Average Population and the Interview Population to determine whether the change
scores between the populations were significantly different.
Pre-Interview and Post-Interview
Interview analysis was done only on the eight students who were part of the matched
pairs (one student in the Non-Haptic Group dropped out prior to the intervention phase). The
interviews were analyzed using both inductive and deductive coding. Deductive coding is
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performed by creating the codes prior to examining the data (Braun & Clarke, 2006), then
looking for elements of the data that specifically fit those codes. Student explanations were
examined for spatial language using the Spatial Framework developed by Engelke et al. (2016)
and coded based on the sixteen categories of the framework. Inductive coding is a method of
coding in which the codes emerge from the data, instead of being pre-determined (Braun &
Clarke, 2006). This was done to note any other significant characteristics in the interviews, such
as the classification of toys and sports into high and low spatial needs categories. Coding of the
pre-interviews shed light on the baseline knowledge of the interview population. Coding of the
post-interviews was used to analyze the improvement of the interview population and to compare
the Haptic and Non-Haptic groups to help determine the effect of the haptic intervention.
The SBST questions and student drawings from the interviews were scored out of 24
points (see Figure 10). Each SBST question received 2 points for the correct answer, 1 point for
the egocentric answer, and 0 points otherwise (as was done in the pre-test). Each drawing for the
sponge and duct tape cross-sections received 2 points for the correct answer, 1 point if only one
misconception existed, and 0 points otherwise. The lightbulb cross-section drawings were not
scored, as this exercise was omitted from some interviews due to time constraints and the
answers given for this exercise did not provide much additional insight.
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Figure 10
Pre-Interview and Post-Interview SBST and Student Drawings Rubric
Point value Rubric description
SBST Questions (3 questions)
2
1
0

Correct Answer
Egocentric Answer
Incorrect Answer

Physical Objects (2 objects x 3 questions per object)
2
1
0

Maximum score
6

12

Correct Drawing
One Misconception
More than one misconception

Complex Figure

6

Horizontal Cross-sections
2
All requirements met
1
Some incorrect cross-sections
0
No requirements met
Vertical Cross-sections
3
All requirements met
2
One requirement not met
1
Two requirements not met
0
No requirements met
Cohesive Drawing

2

3

1

The final interview activity was scored out of 6 points. Students received up to 2 points
for drawing a figure that met the horizontal cutting plane conditions. Students received up to 3
points for drawing a figure that met the vertical cutting plane conditions. Finally, students
received 1 point for developing a cohesive drawing, that incorporated both horizontal and
vertical cutting plane ideas (even if all requirements were not met). The breakdown of points for
the interview artifacts is as follows: up to 6 points for SBST answers, up to 6 points for the
sponge cross-sections, up to 6 points for the duct tape cross-sections, and up to 6 points for the
complex figure.
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Intervention Activities
The intervention activity worksheets were not analyzed due to the exploratory nature of
the intervention. The research questions focus on changes in behavior from the pre-interview to
the post-interview and from the pre-test to the post-test, so analysis of the intervention activities
would not provide any relevant information to assist in answering the research questions. In the
future, it may be interesting to analyze the intervention activity worksheets and examine the
differences between the haptic and non-haptic groups, as well as differences from the first
intervention exercise to the last.
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Data Analysis
Pre-test and Post-test Scores
In total, 306 students completed both the SBST pre-test and post-test. Scores were
analyzed across the six groups mentioned previously in the Methods section. Some basic
analyses on each set of scores were done for each group by examining the maximum, minimum,
average, and median values. For the Total Population, this basic analysis of the pre-test scores
served as a baseline for students entering calculus. On the pre-test, the Total population had an
average overall score of 45.1, breaking down into an average of 20 correct answers chosen and
5.2 egocentric answers chosen (the discrepancy in the calculation of the overall score from the
individual answers is due to rounding).
More in-depth analyses were done on and between the five sub-groups. Paired twosample t-tests were performed on the pre-test and post-test data in each group to determine
whether changes from the pre-test to the post-test were significant. For these tests, one-tailed pvalues were used, as the expectation was that the number of correct answers and the total score
would increase, while the number of egocentric answers would decrease. Paired two-sample ttests were also performed between the matched pairs, and two-sample t-tests of unequal variance
were performed between some of the groups. Each of these tests used two-tailed p-values, as the
goal was to determine whether there was any difference between the two groups.
The average pre-test and post-test scores for all groups can be seen in Table 1, along with
the relevant p-values. Note that as the correct answers increase, it is natural that the egocentric
answers decrease. From the pre-test to the post-test, each group increased its average number of
correct answers and its average total score, while decreasing the average number of egocentric
answers. For the General Population, each of these changes was too small to be considered
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significant. For the remaining populations, all changes were considered significant, with the
exception of the decrease in the number of egocentric answers chosen by the Below-Average
Population. The most significant changes were found in the Interview Population. For this group,
the p-value for each category (correct answers, egocentric answers, total score) was less than
.001, indicating the changes were highly significant.

Table 1
Paired Two-Sample t-Tests for Pre-Test and Post-Test Scores, with One-Tailed p-Values
Group

n

t

pa

1.42
2.29
5.21
3.81
3.34

.078
.012
<.001
.016
.014

5.1
5.9
4.2
4.8
4.0

-1.45
-0.09
-4.57
-3.54
-2.85

.074
.089
<.001
.019
.023

9.5
8.7
3.6
5.7
1.3

1.06
2.32
5.10
3.33
3.47

.144
.011
<.001
.022
.013

Pre-test
Post-test
M
SD
M
SD
Number of Correct Answers

GP
BAP
IP
NHG
HG

297
130
9
4
5

20.1
14.6
14.2
13.8
14.6

6.2
4.5
3.5
3.5
3.8

GP
BAP
IP
NHG
HG

297
130
9
4
5

5.0
8.1
10.1
11.0
9.4

4.9
5.3
3.1
2.2
3.8

GP
BAP
IP
NHG
HG

297
130
9
4
5

45.3
37.3
38.6
38.5
38.6

8.5
5.3
4.8
5.3
5.0

20.5
15.6
20.9
20.3
21.4

6.8
6.5
3.7
5.3
2.5

Number of Egocentric Answers
4.7
7.6
4.6
5.5
3.8

Total Score
45.7
38.7
46.3
46.0
46.6

Note. GP = General Population. BAP = Below-Average Population. IP = Interview Population.
NHG = Non-Haptic Group. HG = Haptic Group.
a

one-tailed p-values were used, as the expectation was that the number of correct answers and

the total score would increase from the pre-test to the post-test, while the number of egocentric
answers would decrease
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In order to determine whether the haptics played a significant role in improving spatial
skills, paired two-sample t-tests were run on the matched pairs between the Non-Haptic and
Haptic Groups for the pre-test scores, post-test scores and change scores. The average values for
each group and the two-tailed p-value as determined by each t-test can be seen in Table 2. By
design, the Haptic Group and Non-Haptic Group had nearly identical scores on the pre-test. This
was desired, as the groups were formed using matched pairs. The two-tailed p-values indicate
that the small differences between the groups were not significant, indicating that the students
were at the same level of performance during the pre-test, so any differences in the post-test can
be attributed to the presence or absence of haptics in the intervention.

Table 2
Paired Two-Sample t-Tests for Matched Pairs (n=4), with Two-Tailed p-Values
Score

Non-Haptic Group Haptic Group
M
SD
M
SD
Pre-Test

Number Correct
Number Egocentric
Total Score

13.8
11.0
38.5

Number Correct
Number Egocentric
Total Score

20.3
5.5
46.0

Number Correct
Number Egocentric
Total Score

6.5
-5.5
7.5

3.5
2.2
5.3

t

pa

13.8
10.8
38.3

3.8
2.8
5.7

0.00
-0.40
-1.00

1.000
.718
.391

21.3
4.3
46.8

2.9
4.5
1.5

0.37
-0.39
0.30

.739
.720
.781

4.9
4.5
5.8

0.33
-0.29
0.37

.763
.792
.736

Post-Test
5.3
4.8
5.7

Change Score
3.4
3.1
4.5

7.5
-6.5
8.5

Note. One student from the Haptic Group was not included in this analysis due to the student’s
matched pair dropping from the study prior to the intervention phase.
a

two-tailed p-values were used, as the goal was to determine whether there was any difference

between the two groups
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Two-sample t-tests with unequal variance were performed between the General
Population and the Interview Population (drawn from the lower half of the general population) to
determine whether the differences in the pre-test and post-test scores were significant. The pretest and post-test scores accompanied by the two-tailed p-values are displayed in Table 3.
Differences on the pre-test are considered highly significant, with p-values of .002 or less, while
differences on the post-test are not considered significant. This means that while the Interview
Population began the study distinct from the General Population, after completing the
intervention, they were brought to the level of their peers.
Two-sample t-tests with unequal variance were also performed between the BelowAverage Population and the Interview Population to determine whether the differences in the
pre-test and post-test scores were significant. The average values and the two-tailed p-values
from the t-tests are shown in Table 4. These results are almost opposite those of the General
Population vs. the Interview Population.
On the pre-test, the Below-Average Population and Interview Population did not perform
significantly different in any of the scores. On the post-test, however, the groups performed
significantly different on the number of correct answers and the total score, as indicated by twotailed p-values of .002 or less. This means that while the Interview Population began the study at
a similar level to the Below-Average Population, by the conclusion of the study, the group had
set themselves apart and scored significantly higher. An interesting note is that the groups were
not significantly different on the pre-test or post-test when it came to the number of egocentric
answers chosen.
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Table 3
Two-Sample t-Tests with Unequal Variance for General Population and Interview Population
Pre-Test and Post-Test Scores, with Two-Tailed p-Values
Score

t

pa

3.5
3.1
4.8

4.90
-4.68
4.03

<.001
.001
.002

3.7
4.2
3.6

0.31
-0.11
0.49

.763
.916
.633

General Population Interview Population
(n = 297)
(n = 9)
M
SD
M
SD
Pre-Test

Number Correct
Number Egocentric
Total Score

20.1
5.0
45.3

6.2
4.9
8.5

Number Correct
Number Egocentric
Total Score

20.5
4.7
45.7

6.8
5.1
9.5

14.2
10.1
38.6

Post-Test

a

20.9
4.6
46.3

two-tailed p-values were used, as the goal was to determine whether there was any difference

between the groups

Table 4
Two-Sample t-Tests with Unequal Variance for Below-Average Population and Interview
Population Pre-Test and Post-Test Scores, with Two-Tailed p-Values
Score

Below-Average
Population
(n = 130)
M
SD

Number Correct
Number Egocentric
Total Score

14.6
8.1
37.3

19.9
27.6
28.3

Number Correct
Number Egocentric
Total Score

15.6
7.6
38.7

41.7
34.4
75.0

Interview Population
(n = 9)

t

pa

M
Pre-Test

SD

14.2
10.1
38.6

3.5
3.1
4.8

0.29
-1.72
0.76

.781
.114
.465

3.7
4.2
3.6

3.89
-2.02
5.31

.002
.071
<.001

Post-Test

a

20.9
4.6
46.3

two-tailed p-values were used, as the goal was to determine whether there was any difference

between the two groups
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To determine whether the Interview Population improved significantly more than the
Below-Average population, two-sample t-tests with unequal variance were also performed on the
change scores for the Below-Average Population and the Interview Population. The change
scores and their associated two-tailed p-values are shown in Table 5. Each of the change scores
for the Interview Population is considered significantly better than each of the change scores for
the Below-Average Population. This indicates that participating in the intervention caused a
more significant change in the test scores for the students who scored below average on the pretest (recall that the Interview Population was pulled from this group of students).

Table 5
Two-Sample t-Tests with Unequal Variance for Below-Average Population and Interview
Population Change Scores, with Two-Tailed p-Values
Score

Number Correct
Number Egocentric
Total Score
a

Below-Average
Population
(n = 130)
M
SD
1.0
-0.6
1.4

25.6
24.2
50.4

Interview Population
(n = 9)
M

SD

6.7
-5.6
7.8

3.8
3.6
4.6

t

pa

4.17
-3.86
3.84

.002
.003
.003

two-tailed p-values were used, as the goal was to determine whether there was any difference

between the two groups
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Pre-Interview and Post-Interview
The pre-interviews consisted of four parts: background questions, SBST questions,
physical objects, and the complex figure. Open coding was performed on the background
questions of the pre-interviews in order to get a robust history of the students. Students were
asked about the types of toys they played with growing up and the sports they played. These
answers were broken down into high spatial needs and low spatial needs categories. Toys such as
blocks and puzzles are considered high spatial needs toys due to the need for the child to
envision a structure in his or her mind, or manipulate a puzzle piece to determine where it should
be placed. Sports such as football and soccer are considered high spatial needs sports because the
athlete must track a ball in flight or analyze the path of another athlete in order to meet them at
the ideal position. A summary of student responses can be seen in Table 6. This data was
collected in part as an icebreaker activity in the pre-interview; therefore, further analysis was not
performed on this data.

Table 6
Childhood Toys and Sports Participation by Level of Spatial Needs
Level of Spatial Needs

Childhood Toys

High

blocks
Legos

puzzles
shape sorting

Low

action cards
action figures
chess
coloring
computers
dolls
electric kits
logic puzzles

model cars
science kits
strategy games
stuffed animals
tv
video games
word puzzles

Activities/Sports
baseball
basketball
football
gymnastics
marching band
track

soccer
softball
tennis
volleyball
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In order to determine what spatial skills students used during the interview, the remaining
student explanations were analyzed using deductive coding based on the Spatial Skills
Framework developed by Engelke et al. (2016). Figure 11 presents a breakdown of the codes
found in the pre-interviews. The split between two-dimensional and three-dimensional codes was
fairly even. This is expected, as the interview tasks required both two-dimensional and threedimensional thinking: two-dimensional when considering cross-sections and their properties;
three-dimensional when considering the objects as a whole.

Figure 11
Spatial Skills Framework Codes in the Pre-Interviews

M

2D – two-dimensional
3D – three-dimensional
O – orientation
V – visualization

O
M S
RO

MP – mathematical
properties
M – measurement
RO – representing objects
S – structuring
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The tasks in the interviews relied heavily on visualization skills, so it is no surprise that
almost 95 percent of the spatial language coded was visualization language. All of the orientation
language was in the subcategory representing objects. In the two-dimensional realm, students
sometimes used orientation when discussing the cross-sections for the SBST questions. For
example, when Gwen was trying to decide between the correct answer and the egocentric
answer, she said, “if you're looking at it head-on it's going to be right in front of you and it's not
going to be tilted at all”. In this case, Gwen positioned herself (in her mind’s eye) in front of the
shape, as opposed to imagining the shape opening up to her (that would fall under visualization).
Three-dimensional orientation was demonstrated more often than two-dimensional
orientation, though still not often. In the SBST portion of the pre-interview, James mentioned
taking a “birds-eye view” of the shape when trying to distinguish between answer choices. More
often, students demonstrated orientation language when attempting to construct the complex
figure. As students struggled to draw meaningful three-dimensional representations, they
sometimes resorted to drawing different viewpoints. Such was the case with Heidi, who
described Figure 12 saying “this is like the top view if you're looking down on it”.

Figure 12
The “Top-View” of Heidi’s Complex Figure
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All four subcategories of visualization were demonstrated during the pre-interviews, with
an emphasis on representing objects. This was to be expected, as the first two parts of the
interview focused on finding the cross-sections of objects, in which the student would have to
mentally manipulate the object to envision the cutting of a slice, and the last part of the interview
focused on constructing a model of a three-dimensional object. Table 7 gives some examples of
language that demonstrated spatial ability in the visualization, representing objects subcategories
in two or three dimensions.

Table 7
Examples of Visualization-Representing Objects Spatial Language in Two and Three Dimensions
Student

Quote
Two-Dimensional

Context

Monica

“Because it's cutting at a diagonal angle it would
create an elongated shape”

SBST question 27

Marcus

“There's a slight inward curve right on it because
you look at it this curves in on here”

Cross-section of the sponge with a
vertical cutting plane

James

“It looks kind of like a donut”

Cross-section of the duct tape with
a horizontal cutting plane

Three-Dimensional
James

“When you cut it diagonally down if you look at it in
the mirror it's going to show that diagonal cut
and then that cut will show an oval”

SBST question 10

Daniel

“You have a hexagonal pure prism, and then you
stack a rectangle on top of it with um so that the
width and the length are equal to each other”

Complex figure

Mary

“There was an equilateral hexagon like on the top of
the figure. Then drop lines down from each and
then make like a square, and then the bottom
would also be a hexagon.”

Complex figure
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Measurement was the least utilized visualization-based spatial skill in the course of the
pre-interviews. The students were not asked to make any calculations, but they were asked to
consider how to find the areas of cross-sections when deciding which cutting plane should be
used in order to find the volume of a physical object. Thus, the measurement language that was
used was primarily in two dimensions, discussing how an area would theoretically be calculated
or what measurements would be needed in order to determine an area. Daniel demonstrated both
two-dimensional and three-dimensional measurement language. He began in two dimensions,
saying, “you could find the radius and find the area of one circle and then find the area of the
middle and then subtract them” and expanded to three dimensions as he continued, “and then just
multiply that by however many.”
The mathematical properties spatial ability was used in both the SBST and complex
figure portions of the pre-interview. Students generally used mathematical properties language
when they were describing the three-dimensional shape that was presented in the SBST
questions and its relation to the cross-sections given as answer choices. For example, Daniel
eliminated answer choice B for SBST question 10 when he recognized that “since it's a cone and
it's like circular you know right off of the bat that it can't be like the half circular”. In the
complex figure portion of the pre-interview, two-dimensional mathematical properties came into
play as students attempted to form the desired cross sections. Understanding the properties of the
hexagon and square were crucial to success. As James began to work this problem, he said
“there’s supposed to be a hexagon, so you have to create six sides”. This gave him a good base to
begin constructing his three-dimensional figure. As Marcus attempted to form square crosssections, he said “to have a square, you’d have to have the base length the same as the height”.
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This idea was critical to the formation of the complex figure, as he recognized that the height of
the figure would have to change with the width of the base.
The primary purpose of the complex figure activity was to examine the students’
structuring abilities. The nature of the activity requires the student to consider the described
cross-sections as partitions of the three-dimensional figure. Gwen demonstrated this perfectly
when she said “if I had like all of those piled up on top of each other and that's like the base then
I could have hexagons [as horizontal cross-sections]”. With this idea, Gwen was able to construct
a hexagonal prism, as in Figure 13. There was also some two-dimensional structuring ability
used during the physical objects portion of the interview, as students determined which way the
object should be sliced in order to compute its volume. This ability was generally used to break
down a cross-section for calculation of its area, as Mary described the cross-section of the
sponge saying, “you could split this up into a triangle or a rectangle and two semi circles”.

Figure 13
Gwen Formed a Hexagonal Prism by Stacking Hexagons
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The post-interview consisted of the same four parts as the pre-interview, except that
background questions were replaced with feedback on the intervention applications. Open coding
was done to mark the feedback as positive, negative, or a specific suggestion for improvement.
Several students said they enjoyed working with the intervention, that it was simple and easy to
use, and that the concepts were interesting. Heidi found the activities stimulating, to the point
that she said, “I found myself thinking about the objects a lot after I left”. One student noted
issues with the visual representation, especially when utilizing the camera movement to see the
entire object. Another student commented that he would have preferred the cutting planes be
shown one at a time instead of both on the same screen. Finally, one student felt like there was
too-large a gap between the “easy” objects and the “hard” objects. No further analysis was done
on this portion of the interview; the intervention feedback was collected as a reference for
improving upon the work in the future.
Though the number of overall codes identified in the post-interviews was less than the
number of codes identified in the pre-interviews, the distribution of the codes was very similar.
This makes sense, as the interview protocol was nearly identical for the two interviews, and
students could use fewer words to describe things that they saw and thought about before. The
differences in the pre- and post-interviews include the icebreaker questions being replaced with
questions to provide feedback on the intervention applications and a change in the requirements
for the complex figure. As can be seen in Figure 14, the split between two-dimensional and
three-dimensional spatial language was again nearly even; unlike the pre-interviews, threedimensional language was slightly more prominent than two-dimensional language in the postinterviews.
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Figure 14
Spatial Skills Framework Codes in the Post-Interviews

M RO
S
O

2D – two-dimensional
3D – three-dimensional
O – orientation
V – visualization
MP – mathematical
properties
M – measurement
RO – representing objects
S – structuring

O

MP

As in the pre-interviews, there was more visualization language than orientation language
in the post-interviews (approximately 97 percent of the codes were in visualization), and all the
orientation language used was in the representing objects subcategory. All of the language coded
as two-dimensional, orientation, representing objects was demonstrated during the SBST portion
of the post-interview. Monica and James both used the phrase “facing it head-on” to describe the
mental picture of orienting themselves in front of the cross-section. Three-dimensional
orientation language was again most prominent during the complex figure task, and was mostly
used when drawing the object from different vantage points.
For both two-dimensional and three-dimensional visualization, representing objects was
still the most demonstrated spatial skill. As stated earlier, this is somewhat expected, as the
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interview tasks ask the students to construct and describe cross-sections and a three-dimensional
figure. There did not seem to be a tangible difference in the way students spoke about the objects
they were representing, so it is not beneficial to provide more examples here; the primary
takeaway is that the amount this skill was demonstrated was on par with the pre-interview.
Measurement was once again the least demonstrated visualization skill, and in the postinterview, there were actually zero cases of three-dimensional measurement on display. Similar
to representing objects, the amount and content of structuring language was nearly identical to
the pre-interviews; the few instances of two-dimensional structuring abilities were demonstrated
by breaking a cross-section down to calculate its area, and the majority of the three-dimensional
structuring abilities were centered around the complex figure activity.
The primary difference between the pre-interview and the post-interview coding results
was in the mathematical properties subcategory. In the pre-interviews, the mathematical
properties subcategory was on display nearly as much as the structuring subcategory, with the
majority of instances in the two-dimensional realm. In the post-interviews, however, these
numbers decreased drastically, despite the nearly identical protocols.
The spatial skills framework code application was also broken down by group to examine
the differences between the Haptic and Non-Haptic Groups during the interviews. The results
can be seen in Table 8. As can be seen, the Non-Haptic Group consistently had more code
applications in each category of the framework than the Haptic Group (with a few exceptions).
This does not necessarily mean they possessed more advanced spatial abilities, but more than
likely has to do with the amount each student spoke during the interview. In particular, the NonHaptic Group had a student who was very verbose in his explanations, which resulted in many
more opportunities for using spatial language, and likely skewed the number of codes.
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Table 8
Spatial Skills Framework Codes by Group and Interview
Code
2D
Orientation
Mathematical Properties
Measurement
Representing Objects
Structuring
Visualization
Mathematical Properties
Measurement
Representing Objects
Structuring
3D
Orientation
Mathematical Properties
Measurement
Representing Objects
Structuring
Visualization
Mathematical Properties
Measurement
Representing Objects
Structuring

Non-Haptic Group
PrePostInterview
Interview
115
4

82

3

Haptic Group
PrePostInterview
Interview
62
1

68
3

1

3

111
28
6
80
6
98
13

82
10
5
67
2
89
4

61
20
2
41
2
80
13

65
4

7

3

8

5

86
5
1
45
36

85
1

67
11
4
31
24

56
2

53
36

60
2
61
5

28
29

Because of this, it makes more sense to compare each group to itself instead of
comparing the groups to each other. Specifically, comparing the post-interview to the preinterview, the Non-Haptic Group used fewer amounts of each category of spatial language
except for three-dimensional visualization – representing objects, and three-dimensional
visualization – structuring. Similarly, the Haptic Group used more spatial language in the
categories of two-dimensional orientation – representing objects, two-dimensional visualization
– representing objects, and three-dimensional visualization – structuring.
In analyzing the student drawings for the pre- and post-interviews, a couple of
misconceptions were identified and held by multiple students in the groups. The first
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misconception was that a curve in one plane of a physical object would result in the cross-section
perpendicular to that plane also being curved. For example, when cutting a roll of duct tape
perpendicular to the curve as in Figure 15, several students curved the edges of their rectangle
and squares, as Heidi did in Figure 16. Though the curve of the edges tended to be subtle, Heidi
confirmed the presence of the curved edges on the sponge cross-sections, saying “they would
have a bit of curve, I suppose, because this kind of has a curve there”.

Figure 15
Cutting a Roll of Duct Tape Perpendicular to the Curve

Figure 16
The Misconception That a Curve in One Plane of a Figure Results in Curved Cross-Sections
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This same misconception was present in the cross sections of the sponge. The shape of
the sponge curved from wide at the ends to narrower in the middle (see Figure 17), but the cross
sections formed by a vertical cutting plane were all rectangles. Gwen and Heidi had the same
misconception of the curved sides in both the pre-interview and the post-interview. Mary and
Marcus had the misconception in the pre-interview, but not the post-interview.
Oddly, Daniel and James, both members of the Haptic Group, did not have the
misconception in the pre-interview, but did present it in the post-interview. This could be
evidence of an unintentional side-effect of the haptic intervention. Because of the manner in
which the Novint Falcon is used, it can be difficult to discern between a rounded and a square
edge. This is a distinction that is easier made after much experience working the device, but the
students’ limited use may have led them to believe edges of some figures were rounded when
they were in fact square.

Figure 17
The Shape of the Sponge
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The other misconception brought forth by the physical objects portion of the interviews
was the idea that a cross-section could look three-dimensional. This can be seen in Figure 18, as
James sketched the back portion of the sponge and duct tape when asked to draw the cross
section created as the result of the cutting plane similar to those in Figure 15. Daniel and Monica
both showed this misconception in the pre-interviews, while James was the lone student to show
it in the post-interviews.
While the drawings for the physical objects portion of the interview were fairly consistent
amongst all the students, the complex figure portion of the interview resulted in a wide array of
drawings. In the pre-interview, the students were asked to draw a figure with the following
properties: most, but not all, cross-sections determined by a horizontal cutting plane are
hexagons and all cross-sections determined by a vertical cutting plane are squares. Nearly every
student was able to recognize that a hexagonal prism would yield all hexagonal cross-sections in
one direction. Thus, every student except Abel drew something similar to what Gwen drew in
Figure 13. Abel and Heidi were the only two who were able to construct a figure that had two
different types of cross-sections when it was cut horizontally.

Figure 18
The Misconception That a Cross-Section is Three-Dimensional
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The biggest struggle for the students in the pre-interview task was determining how to
construct squares for the vertical cross-sections. Most of the students recognized that the
hexagonal prism could be constructed to have a square cross-section at each end and rectangular
cross sections in between, but were unable to envision an object that changed height to match the
width of the base. Heidi came the closest of all the students to creating a cohesive figure that met
all of the expectations set forth in the problem. Table 9 presents the most cohesive drawing put
together by each student for the complex figures portion of the pre-interview.
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Table 9
Complex Figures From the Pre-Interviews
Student

Abel

Daniel

Gwen

Heidi

Drawing

81
Student

Drawing

James

Mary

Marcus

Monica

Note. Students were asked to draw a figure with the following properties: most, but not all, crosssections determined by a horizontal cutting plane are hexagons and all cross-sections determined
by a vertical cutting plane are squares
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In the post-interview, the students were asked to draw a figure with the following
properties: all, cross-sections determined by a horizontal cutting plane are pentagons and most,
but not all, cross-sections determined by a vertical cutting plane are equilateral triangles. Like in
the pre-interviews, all students were able to construct an object for the complex figure that had
all pentagon cross-sections when cut with a horizontal cutting plane. Again, the primary
difficulty students had was determining how to construct equilateral triangles when the size of
the base was changing. Table 10 presents the drawings created by the students in the postinterviews. Monica attempted to break her figure into top, front, and side views in order to
provide clarity of the objects shape. Of all the students, Monica was the only student to construct
a figure that met all of the desired criteria.
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Table 10
Complex Figures From the Post-Interviews
Student

Abel

Daniel

Gwen

Heidi

James

Drawing

84
Student

Drawing

Mary

Marcus

Monica

Note: Students were asked to draw a figure with the following properties: all, cross-sections
determined by a horizontal cutting plane are pentagons and most, but not all, cross-sections
determined by a vertical cutting plane are equilateral triangles.
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Similar to the analysis of the pre-test and post-test scores, paired two-sample t-tests were
done on the interview scores in each group and the Interview Population to determine the
significance of change from the pre-interview to the post-interview. The average scores and t-test
results can be seen in Table 11. One-tailed p-values were used, as the expectation was that the
score in each category and the total score would increase from pre-interview to post-interview.

Table 11
Paired Two-Sample t-Tests for Pre-Interview and Post-Interview Scores, with One-Tailed pValues
Group

n

t

pa

1.3
1.3
1.2

-0.26
1.57
-0.48

.404
.108
.325

2.0
1.8
1.9

1.57
-0.58
0.71

.108
.302
.251

0.5
1.6
1.1

3.00
0.40
1.53

.023
.359
.085

1.5
3.8
2.7

1.07
0.42
1.17

.182
.351
.139

Pre-interview Post-interview
M
SD
M
SD
SBST Questions

Non-Haptic Group
Haptic Group
Interview Population

4
4
8

4.8
3.8
4.3

Non-Haptic Group
Haptic Group
Interview Population

4
4
8

9.5
10.5
10.0

Non-Haptic Group
Haptic Group
Interview Population

4
4
8

3.5
3.8
3.6

1.0
1.7
1.4

4.5
4.5
4.5

Physical Objects
1.9
1.7
1.8

11.0
10.0
10.5

Complex Figure
0.6
1.3
0.9

4.3
4.0
4.1

Total Score
Non-Haptic Group
Haptic Group
Interview Population
a

4
4
8

17.8
18.0
17.9

3.1
2.2
2.5

19.8
18.5
19.1

one-tailed p-values were used, as the expectation was that the interview score would increase

from pre-interview to post-interview
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Paired two-sample t-tests were also run on the matched pairs between the Non-Haptic
and Haptic Groups for the pre-interview scores, post-interview scores and change scores in order
to determine whether the haptic feedback played a significant role in improving spatial reasoning
skills. The average values for each group as well as the two-tailed p-value as determined by each
t-test can be seen in Table 12. Two-tailed p-values were used, as the goal was to determine
whether there was any difference between the two groups.

Table 12
Paired Two-Sample t-Tests for Matched Pairs (n=4), with Two-Tailed p-Values
Section
SBST
Physical objects
Complex figure
Total score

t

pa

1.7
1.7
1.3
2.2

-0.93
1.41
0.29
0.12

.423
.252
.789
.909

1.3
1.8
1.6
3.8

0.00
-0.56
-0.24
-0.51

1.000
.613
.824
.647

1.0
1.7
1.3
2.4

0.82
-1.85
-0.77
-0.79

.474
.161
.495
.486

Non-Haptic Group Haptic Group
M
SD
M
SD
Pre-Interview
4.8
9.5
3.5
17.8

1.0
1.9
0.6
3.1

3.8
10.5
3.8
18.0

Post-Interview
SBST
Physical objects
Complex figure
Total score

4.5
11
4.3
19.8

SBST
Physical objects
Complex figure
Total score

-0.3
1.5
0.8
2.0

1.3
2.0
0.5
1.5

4.5
10.0
4.0
18.5

Change Score

a

1.9
1.9
0.5
3.7

0.8
-0.5
0.3
0.5

two-tailed p-values were used, as the goal was to determine whether there was any difference

between the two groups
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The scores of the Interview Population as a whole increased for each task as well as the
total score, but none are considered to have increased significantly. The only score that
demonstrated a significant change was the Non-Haptic Group’s score for the complex figure
task. Similar to the comparison of the SBST pre-test scores, the pre-interview scores did not
show any significant difference between the groups. Again, this is expected as the two groups
were set up as matched pairs. The post-interview scores and the change scores, however, did not
follow the expectation that there would be a significant difference between the groups. It is likely
that the range of possible scores and the small sample size prevent these statistics from being
informative.
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Discussion
As stated earlier, the goal of the dissertation research was to determine what spatial
abilities students possess when entering calculus, whether those spatial abilities that are underdeveloped (if any) can be remediated, and if so, whether haptic technology can play a role in
promoting those spatial abilities. In this section, the research questions are answered using the
data analysis from the previous section, and conclusions are drawn based on the answers to the
questions.
Research Question 1: What Spatial Skills Related to Cross-Sections Do Students Entering
Calculus Possess?
An examination of the SBST pre-test scores shows that students entering calculus possess
some spatial skills relating to cross-sections, but there is definitely room for improvement.
Adding together the average number of correct and egocentric answers shows that on average,
students identified 25 of the 30 cross-sections correctly, but approximately 20 percent of the
time, they did not orient themselves to the cross-section, thus resulting in the egocentric answer
being chosen. This demonstrates that many students possess strong spatial visualization skills,
but require improvement to their spatial orientation skills.
Furthermore, comparing the scores of the Below-Average Population to the Total
Population we see that the average number of correct answers is lower and the average number
of egocentric answers is higher. In fact, adding the average number of correct answers to the
average number of egocentric answers identified by the Below-Average Population yields 22.7,
just over 2 points below the Total Population average, despite the average total score being 8
below the Total Population average. This implies that the students identified as having lower
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spatial abilities based on the SBST pre-test scores primarily struggle in the area of spatial
orientation.
The pre-interview results support this idea as well. Recall that the Interview Group and
the Below-Average Group together make up the students in the Total Population who scored
below the average on the SBST pre-test. Spatial orientation was the least demonstrated spatial
skill during the pre-interviews. It was expected that this skill would be demonstrated less based
on the nature of the interview activities, but the vast difference in the amount of visualization and
orientation language used implies that students rely much more on their visualization skills.
Because knowledge is constructed from experience, this would imply that students entering
calculus with under-developed spatial skills simply do not have much experience in using spatial
orientation skills.
The pre-interviews also demonstrated students’ difficulties in the structuring subcategory.
The complex figure task was designed specifically to test students’ structuring abilities in the
visualization skill. The task gives the students the partitions to begin with, and the student simply
has to use his or her visualization and structuring skills to form them into a cohesive object. The
simplest piece of this problem was the horizontal cross-sections, as there was no restriction based
on being a regular figure. Most of the students possessed some structuring ability, as they were
able to create a prism to satisfy the condition. The addition of the vertical cross-sections,
however, lead to great struggles, as the students could not accommodate the changing height into
their figure.
An area that was demonstrated strongly by the students in the pre-interviews was the
representing objects skill. Over half the spatial language used fell into this category in some
manner (in both two and three dimensions, in both orientation and visualization). Again, this
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language was certainly expected, as the pre-interview tasks do rely heavily on the representing
objects ability, but the sheer dominance indicates that students are very comfortable in this
realm. This is likely due to the fact that students are consistently required to represent objects in
mathematics courses – whether they are drawing two-dimensional and three-dimensional shapes
in geometry, or graphing lines in algebra, this is a very common spatial skill utilized in
mathematics.
Based on the SBST pre-test scores and the pre-interviews, students entering calculus
possess spatial visualization skills, specifically in the subcategory of representing objects. They
also possess some orientation and structuring skills, but likely need to work to improve these
skills. From the constructivist view, this means the students have likely had little exposure to
activities requiring those skills, as knowledge is constructed from experiences. If a remediation
course were to be put into place, an emphasis on these two skills would give students the
experiences necessary to build upon their current knowledge and create a better foundation for
these skills. Otherwise, instructors can help students build these skills by developing problems
that utilize them. Recall that the constructivist view says these skills are based on experience; it
is up to the instructor to push the students into experiences that will allow them to develop these
skills.
Research Question 2: What Difference in Performance Does the Haptic Group Exhibit
Over the Non-Haptic Group in the Post-Interview?
The analysis of the post-interview activity scores shows that there was not much
difference in performance during the post-interview between the Haptic and Non-Haptic Groups.
None of the individual sections of the interview, nor the overall score demonstrated a significant
difference between the groups. As expected, there was not a significant difference between the

91
groups in the pre-interview (this is the goal of a matched pair design, after all), but the
combination of these two similarities results in the change scores being shown as not
significantly different as well.
A comparison of the spatial language used in the post-interviews is not easily done
because of the vast difference in the amount students verbalized during both the pre- and postinterviews. Specifically, Marcus had the longest post-interview and the second most codes
applied because he was very outspoken and verbose. James, on the other hand, had the shortest
interview and the fewest number of codes applied because he tended to give one-word answers,
if he spoke at all; at times, he just drew the cross-section and offered no explanation, even when
prompted. These differences could be attributed to differences in personality, confidence in the
material, or comfort with the interviewer. Marcus was part of the Non-Haptic Group, while
James was part of the Haptic Group. This lead naturally to the Non-Haptic Group having more
code content than the Haptic Group.
Looking at the explanations students gave during the post-interviews, nothing stood out
as a glaring difference between members of the Haptic Group and members of the Non-Haptic
Group. One hypothesis is that the Haptic Group would demonstrate language related to haptics,
such as imagining touching the object, in the post-interview as a result of being introduced to the
haptic feedback. This was not the case. In fact, only one member of either group made a
comment related to the interventions as he was working through the problems. When working on
an SBST problem, Daniel said, “I wish, you know, like I could turn the cone around to see where
the plane was actually, like, leaving”. Daniel was a member of the Haptics Group, but the
comment he made does not apply specifically to the haptic feedback or the additional
functionality presented to the Haptic Group. Based on this, the conclusion is that there was no
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real difference in performance between the Haptic Group and the Non-Haptic Group in the postinterview. This implies that the use of the haptic intervention did not introduce new information
for the student to accommodate into their existing schema.
Research Question 3: How Do the Performance and Explanations Differ Among the
Interview Population From the Pre-Interview to the Post-Interview?
Similar to research question 2, there is not much to say regarding the difference between
the pre-interview and the post-interview for the Interview Population. The analysis of the preinterview and post-interview scores showed that there was no significant difference in scores,
though the score of each portion did increase.
The amount of spatial language coded as a part of the spatial skills framework actually
decreased from the pre-interview to the post-interview. The downward trend is likely due to a
few factors. First, prior to the pre-interview, the students had limited work with cross-sections.
Three of the eight students had never taken a calculus class. The remaining five students had
taken a college or high school calculus class, but the fact that they were enrolled in the twosemester calculus course, generally reserved for students who need the material presented at a
slower pace, is telling. This means that knowledge on cross-sections had not been constructed, or
the knowledge that had been constructed was not robust, so the students spent the pre-interview
trying to accommodate the new information into something meaningful or assimilate their
existing notions to allow their new experiences to align with the old.
By the time the students participated in the post-interview, they had been working with
cross-sections for four weeks (participating in the interventions) and had much more familiarity.
Through this time, the students were able to bring new ideas on spatial reasoning into their
knowledge base, modifying the existing structures as necessary. The fact that the students’
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knowledge constructs were more robust may have caused their answers to be more concise, and
therefore contain less spatial language.
Another potential reason for the lower number of instances of spatial language is that the
SBST questions and physical objects used were the same for both interviews. The interviews
were spaced only five weeks apart, making it likely that the students could remember the preinterview tasks and give answers from memory instead of having to work the problems. In this
case, the students would not use much spatial language, if they used any language at all. Again,
the exposure to these specific tasks in the pre-interviews allowed the students to construct a
knowledge base that included these specific cases. Then, during the post-interviews, instead of
being forced into an act of assimilation or accommodation because of new information, they are
able to draw on their existing constructs.
Research Question 4: How Does the Difference in the Pre/Post Spatial Skills Test Given at
the Beginning and the End of the Semester Differ Among the Groups?
An examination of the material presented in the first semester of the two-semester
Calculus I course showed that although two-dimensional spatial reasoning skills are employed,
there is little work done in the three-dimensional realm. Because of this, a significant
improvement in spatial skills was not expected in students as a result of attending the class. This
was the case for the General Population, as none of the improvements made are considered
significant. Looking at the Below-Average population, however, shows that the number of
correct answers identified and the total score both increased significantly. This implies that
simply participating in the course work is enough to promote spatial skills in students who enter
calculus with some of these skills under-developed.
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These results are supported by a constructivist point of view, because the students in the
Below-Average Population likely did not have strong constructs for spatial skills upon entering
the course, and would be forced to assimilate or accommodate the new spatial ideas into their
existing constructs as they are presented during the course. The remaining students in the
General Population (those who scored above average on the SBST pre-test), however, did not
likely have to make as many accommodations of new knowledge, because the new knowledge
and existing knowledge would align, and thus would not show much change in ability.
The Interview Population showed highly significant improvements in all three types of
scores (correct answers, egocentric answers, total score). These improvements are more
significant than the improvements in the Below-Average Population, leading to the conclusion
that the intervention activities were successful in promoting an even greater increase in spatial
abilities than simply going through the calculus course.
This conclusion is backed by the results of the two-sample t-tests with unequal variance.
Comparing the General Population to the Interview Population, there were very significant
differences in all three scores of the pre-test, with each p-value .002 or less. This indicates that
the Interview Population performed significantly different, and in this case worse, than the
General Population. Looking at the post-test scores, however, shows that the Interview
Population did not score significantly different than the General Population. So, the Interview
Population was significantly different than the General Population prior to working through the
intervention activities, but was not significantly different after. This means that participating in
the intervention activities allowed students who performed significantly worse than their peers
on the pre-test to improve their abilities to the level of their peers on the post-test.
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The t-tests comparing the Below-Average Population to the Interview Population yield
similar results, but in the opposite direction. Prior to the intervention activities, the BelowAverage Population and the Interview Population were not significantly different; all three scores
for the pre-test had p-values indicating this. On the post-test, however, the Interview Population
scored significantly better on the Number of Correct answers and the Total Score. Essentially,
the intervention activities were able to raise the scores of the students in the Interview Population
to the level of the General Population.
Finally, examining the change scores for the Interview Population compared to both the
General Population and the Below-Average Population show that the Interview Population
improved its scores significantly over each of the other populations. Caution must be used when
looking at change scores for the General Population, as the higher the score on the pre-test, the
less room for improvement on the post-test, thus resulting in a low change score. The BelowAverage Population, however, had plenty of room for improvement, and arguably the same
amount of room for improvement as the Interview Population, as both populations scored below
the average on the SBST pre-test and there was no significant difference between their pre-test
scores. This makes the comparison between the change scores valid, and further supports that the
intervention activities did promote spatial skills in the students.
Next, the Haptic Group and Non-Haptic Group were compared to see if the use of haptics
had any effect on the improvement. Looking at the paired two-sample t-tests on the pre- and
post-test scores, the change for each group is considered significant, and the one-tailed p-values
are similar, so it is not easy to tell whether the haptics resulted in greater improvement. While
observably the Haptic Group had a larger change, the p-values for these t-tests all showed that
the differences between the groups were not significant for the post-test or for the change in
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scores from the pre-test to the post-test. This indicates that the haptics part of the intervention did
not result in significant gains on the spatial skills of the students. The small size of the matched
group (four students per group) may have contributed to this finding.
Conclusions
Overall, the dissertation research shows that some students possess under-developed
spatial skills when they arrive in calculus. In particular, spatial orientation skills and structuring
skills are less developed than spatial visualization and representing objects skills. The research
also shows that although participating in the calculus course may somewhat increase orientation
skills, a better alternative is to put students through spatial skills remediation, as it was shown
that a simple four-week intervention was able to significantly increase the SBST scores.
An interesting point regarding the intervention is that the students did not receive
feedback during the course of the activities – they simply worked through the problems to the
best of their abilities. This course of action allowed them to build on the knowledge they already
had and accommodate the new knowledge in their own way. This is also important to note
because remediation with students who have under-developed spatial skills can be done with
minimal effort from the instructor – simply creating the activities and having the students walk
through them on their own is enough to promote development.
Finally, this research is inconclusive with regard to whether haptics can be used to further
promote spatial skills in first semester calculus students. While slightly higher gains were
observed when the intervention included haptic technology, these gains were not significant.
This does not, however, rule out further testing using haptics to assist with improving spatial
skills. These results are not necessarily generalizable due to the small number of matched pairs.
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Teaching Implications
Based on this research, it is highly recommended that some sort of remediation of spatial
skills be performed with undergraduate mathematics students, specifically during calculus
courses. This remediation could be done as a stand-alone course, individual tasks outside of the
normal coursework, or tasks integrated into the course.
Although some have had success in implementing a stand-alone remediation course, such
as Sorby et al., (2013), this idea may present logistical difficulties as it requires a full course
worth of material, a physical location (unless the course is designed as an online course), and
someone to lead the course. If these are successfully established, the next difficulty is filling the
course with students. If the course is not required, many students may choose not to take it,
whether due to already having a full course load, not understating the need for the course, or
simply not wanting to add another course. Requiring the course for certain students may be
possible, but would involve further planning and approvals.
Providing additional tasks outside of the normal coursework would remove some of the
obstacles that creating a course presents – there is no need for a separate instructor and meeting
time, no approvals would be necessary with regard to making the course a requirement, and no
overhead would be required. The amount of material required would likely be less, as it wouldn’t
have to fill an entire course of content. If the additional material is not presented as a
requirement, however, the same difficulties exist regarding student participation. Requiring the
work without overloading the instructor is a possibility, as the research showed that spatial skills
are increased simply by performing the tasks, even if no feedback is given. However, if students
realize the tasks are not being graded for correctness, the effort put forth may diminish.
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Therefore, the ultimate recommendation for instructors is to incorporate spatial reasoning
tasks into the course itself. One way to do this is to push students to create the three-dimensional
drawings that represent the solids of revolution for which they are computing the volume.
Though it is entirely possible for these types of problems to be performed without seeing the full
three-dimensional shape, the ability to envision the result of the revolution can greatly help with
the decision of which method to use to determine the volume. It is highly recommended that
instructors do not encourage students to work around their difficulties in drawing threedimensional figures by demonstrating alternative methods, but instead to allow them to practice
this skill. Some time may even be devoted specifically to teaching students how to draw threedimensional figures that have been created by rotating two-dimensional figures.
Keeping in mind that spatial orientation is one of the more under-developed skills for
these students, activities that specifically ask the student to utilize spatial orientation skills are
recommended as well. These types of problems could be similar to those in the SBST, if
focusing on volumes of solids of revolution. Some creativity could also be used to get students to
use orientation skills in other parts of the curriculum, such as sketching derivatives. For example,
the students may be asked to imagine themselves standing at a particular point of the graph, such
as an extreme value, and look in each direction to determine the slope on each side of that point.
Similarly, the student might be asked to imagine walking along the graph to determine the slope
at each point. Both ideas require the student to change their orientation while performing the
tasks.
Finally, it is recommended that attention be paid to developing structuring skills. There
are several opportunities in calculus for these skills to be developed, such as constructing
Riemann Sums for integrals and imagining the slices of a three-dimensional solid during the
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forming of the integral to represent its volume. Problems similar to the “complex figure”
problem given during the interviews are another way to push the students to develop structuring
skills.
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Future Work
There are several ways the research in this dissertation can be extended and improved in
order to learn more about spatial skills and the potential for haptic technology to assist in their
remediation.
To better determine whether haptics can be beneficial in the remediation of spatial skills,
the research design can be scaled to include a larger Total Population, and perhaps more
noteworthy, more matched pairs. The number of matched pairs for this research was kept
somewhat small (it began with five pairs – one pair dropped out) due to the decision to perform
pre- and post-interviews with the students and the coding and analysis of these interviews, which
is quite time-consuming. As the interviews did not seem to shed much light on differences
between the Haptic Group and the Non-Haptic Group, it could be beneficial to remove this part
of the research design and simply perform a pre-test/post-test design with the intervention. This
would allow for many more matched pairs to be included, thus giving a better dataset for
analysis and the ability to generalize the results.
That said, the interview process was not futile. Performing the interviews with the
students enabled the collection of a baseline set of spatial skills. In a future project, the protocol
for the interviews could be improved to contain more problems similar to the complex figure
problem, in that it pushes heavily on one particular spatial skill (three-dimensional visualization
– structuring). By including more problems that focus on a specific skill, a more robust and
accurate picture of the spatial skills students possess when entering calculus can be created.
Another improvement to the interview protocol would be to use different physical objects in the
post-interview than in the pre-interview. Because the same objects were used in both interviews,
the students had a sense of familiarity, which may have allowed them to perform the tasks with
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more ease, thus preventing a clear understanding of how their spatial thinking may have changed
from the pre-interview.
Finally, the properties of the complex figure used in the post-interview should be the
exact same as those in the pre-interview, except for the actual shapes. This was an unintentional
complication made in the protocol for the post-interview. The complex figure in the preinterview had a certain regular polygon for all cross-sections formed by vertical cutting planes.
This forced the student to determine how to keep the shape regular while one side was changing
length. It was specified that the cross-sections formed by horizontal cutting planes were mostly
one shape, but it was required that not all the cross-sections be that shape. This was described to
students as making sure at least one cutting plane resulted in a different cross-section than the
rest. When the complex figure conditions were presented in the post-interview, the condition of
all cross-sections versus mostly the same cross-sections was accidentally swapped, so that the
vertical cross-sections resulted in mostly a regular polygon, but not all. This lessened the
emphasis on the student having to account for a changing side length, because if the crosssection became irregular, the figure would still meet the criteria.
The intervention applications could also be improved for future research. Through the
post-interviews and a short survey directly following the last application, the Interview
Population gave their opinions on the intervention applications and made suggestions for
improvements. One issue that was noted was that the rotation of the object could be glitchy. This
was due to the camera moving around the object, instead of the object rotating in space. Another
issue was that the haptic object did not always align perfectly with the visual object. These two
issues could be remedied to make the applications more reliable.
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Some of the students in the Haptic Group admitted that they could have utilized the
haptics device more, but were held back by unfamiliarity. This could be alleviated by giving
them more time to work with the introductory application, or even more applications to work
through, with the hope that by the end of the intervention period, they have reached a higher
comfort level. There was no record of whether or how much students used the haptic device
during the sessions, beyond self-reporting in the survey after the last application. In the future,
measuring the time each student used the device, or even observing the use, could help to better
understand how the student gained from its use. A few suggestions were also made to make the
applications better fit the students’ needs, such as only presenting one cutting plane to the user at
a time (in the applications, two parallel planes were presented simultaneously) and including the
ability for the user to see the true cross-section as a means of checking their work.
Another consideration for future work is to change the haptic controller to be used. The
Novint Falcon was chosen for this project for several reasons. First, it was familiar to the
researcher, as a previous internship and prior research had utilized the same controller. Second, it
was a relatively low-cost haptics device (around $250), which could reasonably be purchased by
departments wanting to implement the application for remediation. Other haptic controllers, such
as the SensAble Touch or Touch X, are very costly (from $2,500 - $15,000), which can put a
strain on an academic department or prevent the department from purchasing multiple, or any,
devices. Part of the purpose of this research is to encourage the formation of remedial courses to
promote spatial skill development, so having an affordable option seemed necessary.
Unfortunately, between the collection of data and the publication of this dissertation, Novint has
stopped selling the Falcon. Although some devices are still available through a third-party
vendor, development and support for the controller has ceased, meaning no new features are
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being created and any issues with existing features cannot be remedied. Because of this, it would
be beneficial to examine other haptics devices and modify the applications to work with a new
low-cost option.
Advances in virtual reality (VR) technology have made VR systems more readily
available and much less expensive. This opens the possibility of performing the intervention
activities using a VR system with haptic feedback. One such system is the Wireality, developed
by Fang et al. (2020) at Carnegie Mellon University. This VR system allows the user to feel
objects in the VR setting by providing force feedback through cables that attach to the fingertips,
palm, and wrist with finger caps and Velcro straps. The authors estimate that the controller will
only cost $50 in volume production, so schools interested in implementing a remedial course
could purchase several of these for student participants. One major drawback exists for this
system, however. The authors found that the Wireality does not perform well when simulating
flat surfaces or complex objects due to the force feedback being only in one direction. This
problem would render the device useless for use in the intervention, but further development
could result in a viable option for replacing the Falcon in a future study.
Finally, the same ideas from this research could be explored through other means of
providing haptic feedback. The price of 3D printers has decreased and they are now being widely
used in educational settings. Instead of providing haptic feedback in the intervention, a 3D
printer could be used to create physical models.
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Appendix A: Santa Barbara Solids Test
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Appendix B: Spatial Reasoning Aptitude Test – Hard

Spatial Reasoning hard
Practice your spatial reasoning skills in this extremely hard test. Below is a quiz with 12
very difficult spatial reasoning problems. Can you solve them all? Good luck!
Get spatial reasoning tests practice tests used by employers with detailed tips and
explanations at JobTestPrep.

Start the test!
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Appendix C: Revised Purdue Spatial Visualization Test: Rotations
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Appendix D: Pilot Study 1 Solids of Revolution Problems
Problem 1
Find the volume of the solid of revolution obtained by rotating the region bounded by 𝑦 = 𝑥 +
2, 𝑥 = 1, 𝑥 = 4, and 𝑦 = 0 about the 𝑥-axis.

Problem 2
Find the volume of the solid of revolution obtained by rotating the region bounded by 𝑦 = √𝑥,
𝑦 = 0, and 𝑥 = 9 about the 𝑦-axis.

Problem 3
Find the volume of the solid of revolution obtained by rotating the region bounded by 𝑦 = 𝑥,
𝑦 = 2𝑥, and 𝑥 = 4 about the 𝑦-axis
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Appendix E: Pilot Study 2 Interview Problems

Problem 1
Take f(x) = x2, y = 1, and x = 0 and revolve around the y-axis. Draw the picture of this.
Problem 2
Take f(x) = x2 and x = 1, and y = 0 and revolve around the x-axis. Draw the picture of this.
Problem 3
Take f(x) = x2, y = 0, and x = 1 and revolve around the line x = 2. Draw the picture of this.
Problem 4
Take f(x) = x2 and x = 1, and y = 0 and revolve around the line y = 2. Draw the picture of this.

174
Appendix F: Interview Protocol
The interviewer will meet the student in a quiet room with no others in the room. A video camera
will be set up to capture the student’s responses to the questions and any other important
information that the student uses to answer the question, like body language or gestures.
1. Warm-up questions (pre-interview only)
a. Tell me about your math background.
b. What kind of toys did you like to play with when you were growing up?
c. Do you like to do puzzles? What kinds?
d. Did you participate in any sports as a child?
2. Intervention feedback questions (post-interview only)
a. What did you like and/or dislike about the applications/activities?
b. How could the applications/activities be improved?
c. Did you find the use of the haptics device helpful? (Haptic Group only)
d. Did the applications help you learn anything about cutting planes and/or crosssections?
The interviewer will show the students three questions from the Santa Barbara Solids test that the
student has taken previously in the semester.
3. Santa Barbara Solids Test questions 10, 27, 29: This test gives you a 3D shape with a
cutting plane and asks you to choose which cross section matches the situation.
a. Do you understand how the cutting plane works?
b. Explain your thought process as you work through each problem.
If a student is having trouble:
a. Can you eliminate any answers?
b. Try thinking about just one portion of the object (if it is a complex object)
The interviewer will show the student a 3D object, such as a donut, sphere, lightbulb, and ask
them to answer the questions below:
4. Draw the Cross-section questions

175
Try to imagine the cross-section that would result if you faced the cutting plane headon, as if you were looking at your reflection in a mirror.
5. Which way should I cut it? Questions
Imagine using cutting planes to cut the object several times. Which cutting plane
should be used, parallel to the x-axis or parallel to the y-axis, to make it easiest to
calculate the area for all cross-sections of the object? Explain your answer.
The interviewer will give the students a piece of paper and pencil and ask the student to do the
following.
6. Draw an object with the following properties (pre-interview):
a. The cross-section formed by any vertical cutting plane is a square.
b. The cross-section formed by most (but not all) horizontal cutting planes is a
hexagon.
7. Draw an object with the following properties (post-interview):
a. The cross-section formed by most (but not all) vertical cutting planes is an
equilateral triangle.
b. The cross-section formed by any horizontal cutting plane is a pentagon.
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Appendix G: Application Directions – With Haptics

Application Directions
Moving from Scene to Scene
Press the TAB key to move to the next scene.
Press the BACKSPACE key to move to the previous scene.

Moving the Camera
Press the ARROW keys to rotate the camera around the scene.
Press the SPACEBAR to return the camera to its original position.

Viewing Cutting Plane Positions
Press the X key to display possible cutting planes parallel to the x-axis (horizontal).
Press the Y key to display possible cutting planes parallel to the y-axis (vertical).
Press the SPACEBAR to exit this feature.

Trace the Perimeter
(first, view the possible cutting planes by pressing X or Y)
Press the key (1, 2, 3, etc.) corresponding to the desired cutting plane location to restrict the motion of
the haptic device to the perimeter at that location.
Press the SPACEBAR to exit this feature.

Exit
Pres the ESC key to leave the application.
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Appendix H: Application Directions – Without Haptics

Application Directions
Moving from Scene to Scene
Press the TAB key to move to the next scene.
Press the BACKSPACE key to move to the previous scene.

Moving the Camera
Press the ARROW keys to rotate the camera around the scene.
Press the SPACEBAR to return the camera to its original position.

Viewing Cutting Plane Positions
Press the X key to display possible cutting planes parallel to the x-axis (horizontal).
Press the Y key to display possible cutting planes parallel to the x-axis (vertical).
Press the SPACEBAR to exit this feature.

Exit
Pres the ESC key to leave the application.
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Appendix I: Sample Activity

Scene 1: Cylinder
Explore the scene by moving the camera to view all angles of the object.
1. Draw a 3-D sketch of the object (do the best you can).

2. Press the X key to view a few horizontal cutting plane locations. Draw a picture of the
cross-section created by each cutting plane. Try to imagine the cross-section that would
result if you faced the cutting plane head-on, as if you were looking at your reflection in a
mirror. Try to make the cross-sections proportional to each other.
Cross-section Formed by Cutting Plane 1

Cross-section Formed by Cutting Plane 2
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3. Press the Y key to view a few vertical cutting plane locations. Draw a picture of the
cross-section created by each cutting plane. Try to imagine the cross-section that would
result if you faced the cutting plane head-on, as if you were looking at your reflection in a
mirror. Try to make the cross-sections proportional to each other.
Cross-section Formed by Cutting Plane 3

Cross-section Formed by Cutting Plane 4

4. Imagine using cutting planes to cut the object several times (more than the choices shown
in 2 and 3). Which cutting plane should be used (parallel to x-axis or parallel to y-axis) to
make it easiest to calculate the area for all cross-sections of the object? Explain your
answer.
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5. Based on your answer in 4, what measurements on the 3-D object would you need to be
able to calculate the area of the cross-section? Explain your answer.
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Scene 2: Lightbulb
Explore the scene by moving the camera to view all angles of the object.
1. Draw a 3-D sketch of the object (do the best you can).

2. Press the X key to view a few horizontal cutting plane locations. Draw a picture of the
cross-section created by each cutting plane. Try to imagine the cross-section that would
result if you faced the cutting plane head-on, as if you were looking at your reflection in a
mirror. Try to make the cross-sections proportional to each other.
Cross-section Formed by Cutting Plane 1

Cross-section Formed by Cutting Plane 2
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3. Press the Y key to view a few vertical cutting plane locations. Draw a picture of the
cross-section created by each cutting plane. Try to imagine the cross-section that would
result if you faced the cutting plane head-on, as if you were looking at your reflection in a
mirror. Try to make the cross-sections proportional to each other.
Cross-section Formed by Cutting Plane 3

Cross-section Formed by Cutting Plane 4

4. Imagine using cutting planes to cut the object several times (more than the choices shown
in 2 and 3). Which cutting plane should be used (parallel to x-axis or parallel to y-axis) to
make it easiest to calculate the area for all cross-sections of the object? Explain your
answer.

5. Based on your answer in 4, what measurements on the 3-D object would you need to be
able to calculate the area of the cross-section? Explain your answer.
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Scene 3: Pyramid
Explore the scene by moving the camera to view all angles of the object.
1. Draw a 3-D sketch of the object (do the best you can).

2. Press the X key to view a few horizontal cutting plane locations. Draw a picture of the
cross-section created by each cutting plane. Try to imagine the cross-section that would
result if you faced the cutting plane head-on, as if you were looking at your reflection in a
mirror. Try to make the cross-sections proportional to each other.
Cross-section Formed by Cutting Plane 1

Cross-section Formed by Cutting Plane 2
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3. Press the Y key to view a few vertical cutting plane locations. Draw a picture of the
cross-section created by each cutting plane. Try to imagine the cross-section that would
result if you faced the cutting plane head-on, as if you were looking at your reflection in a
mirror. Try to make the cross-sections proportional to each other.
Cross-section Formed by Cutting Plane 3

Cross-section Formed by Cutting Plane 4

4. Imagine using cutting planes to cut the object several times (more than the choices shown
in 2 and 3). Which cutting plane should be used (parallel to x-axis or parallel to y-axis) to
make it easiest to calculate the area for all cross-sections of the object? Explain your
answer.

5. Based on your answer in 4, what measurements on the 3-D object would you need to be
able to calculate the area of the cross-section? Explain your answer.

